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Deutshe Kurzfassung
Das theoretishe Studium des Quark-Gluon Plasmas gewinnt immer mehr
an Bedeutung seit Teilhenbeshleuniger wie das SPS, der RHIC, oder der
sih im Bau bendlihe LHC die erforderlihen hohen Energiedihten in
Shwerionenkollisionen erreihen, die es erlauben, diesen neuen Materiezu-
stand experimentell zu untersuhen. Einfahe Anwendungen der Quanten-
feldtheorie im Rahmen einer störungstheoretishen Entwiklung nah der
Kopplungskonstante versagen bei hohen Temperaturen, und trotz eifriger
Bemühungen, die Situation in den Gri zu bekommen, haben wir quantita-
tive theoretishe Aussagen über den Phasenübergang nur von Gittersimula-
tionen. Diese wiederum versagen für ein Quark-Gluon Plasma bei hohem
hemishem Potential und niedrigen Temperaturen, wie man es im Kern von
dihten Sternen vermutet. Large-Nf -QCD - das ist Quantenhromodynamik
(QCD) mit einer groÿen Zahl von Quark-Sorten (number of quark avors -
Nf ) - erlaubt es, Wehselwirkungseekte von thermodynamishen Gröÿen
wie dem thermishen Druk oder der Entropie exakt in der eektiven Kop-
plung g2eff ∝ g2Nf für alle Temperaturen T und hemishe Potentiale µq zu
berehnen. Dies maht Large Nf QCD zu einem idealen Testwerkzeug für
vershiedene Näherungsmethoden.
In der vorliegenden Arbeit präsentieren wir das exakte Large-Nf Resultat
für den thermishen Wehselwirkungsdruk in der kompletten T -µq-Ebene
in einem Bereih, in dem der Einuss durh den Landau-Pol numerish ver-
nahlässigt werden kann. Für kleine Werte der Kopplung vergleihen wir
unser Resultat mit existierenden störungstheoretishen Ergebnissen in der
Literatur, einshlieÿlih der aktuellen Berehnung des Druks durh Vuori-
nen für endlihe Temperatur und hemishes Potential sowie einer älteren
Rehnung von Freeman und MLerran für vershwindende Temperatur und
hohes hemishes Potential. Unsere numerishe Genauigkeit erlaubt uns, ex-
istierende störungstheoretishe Koezienten zu verizieren und zum Teil sog-
ar zu verbessern, und auh störungstheoretishe Koezienten zur sehsten
Ordnung in der Kopplung numerish zu bestimmen, die analytish bislang
noh niht berehnet wurden. Für vershwindendes hemishes Potential
berehnen wir lineare und niht-lineare Quarkzahl-Suszeptibilitäten. Wir
zeigen, dass das moderate Skalierungsverhalten, das durh die Quarkzahl-
Suszeptibilitäten nahegelegt wird, ziemlih abrupt bei µq & πT zusammen-
briht, aber dass dieser niht-pertubative Eekt in µq immer noh in guter
Näherung durh die Ergebnisse von Vuorinen bei kleinen Kopplungen und
endlihem T beshrieben wird. Nur für T ≪ µq versagt auh dieser Zugang,
und wir kommen in den Bereih der sogenannten Non-Fermi-Flüssigkeit,
die im Gegensatz zur klassishen Fermi-Flüssigkeit von langreihweitigen,
quasistatishen transversalen Eihbosonen dominiert wird. In diesem Limes
können wir niht nur den bereits bekannten führenden T lnT−1 Beitrag zur
spezishen Wärme vervollständigen, sondern auh über die führende Ord-
i
ii
nung eine störungstheoretishe Reihe mit anomalen gebrohene Potenzen
T (3+2n)/3, die durh dynamishe Abshirmung verursaht werden, angeben.
Wir berehnen deren Koezienten analytish bis zur Ordnung T 7/3 und nd-
en, dass diese tatsählih das führende anomale Verhalten der vollen QED
und QCD bestimmen (also bei endlihem Nf ).
iii
Abstrat
The theoretial study of the quark gluon plasma gains inreasing interest
as partile aelerators like the SPS, RHIC, or the urrently built LHC will
reah suiently high energy densities in heavy ion ollisions that allow us to
probe this new state of matter experimentally. Straightforward appliation of
quantum eld theory at high temperatures fails in a perturbative expansion
in the oupling onstant, and despite some eort during the last deades to
improve the situation, so far quantitative theoretial knowledge about the
phase transition merely omes from lattie simulations. Lattie simulations
on the other hand fail for a deonned quark-gluon plasma at large quark
hemial potential and small temperatures whih is expeted to be found in
the ore of dense stars. Large Nf QCD - that is quantum hromodynamis
with large number of quark avors - allows one to alulate thermodynami
properties like the interation ontribution of thermal pressure or entropy
exatly in the eetive oupling g2eff ∝ g2Nf for all temperatures T and
hemial potentials µq. This makes large Nf QCD an ideal testing ground
for various approximation methods.
In this work we present the exat large Nf NLO alulation of the ther-
mal interation pressure in the whole T -µq-plane where the presene of the
Landau pole is negligible numerially. For small values of the oupling we
ompare our results to existing perturbative results in the literature, in par-
tiular the reent alulation by Vuorinen for nite temperature and hemial
potential or an older alulation by Freedman and MLerran for zero tem-
perature and high hemial potential. Our numerial auray allows us to
verify and even improve some of the existing perturbative oeients, and
to predit new oeients to the sixth order in the oupling numerially
that have not been alulated analytially yet. For larger ouplings we de-
termine where perturbation theory eases to be appliable. At zero hemial
potential we alulate linear and non-linear quark number suseptibilities.
We show that the moderate saling behavior suggested by the quark num-
ber suseptibilities breaks down rather abruptly at µq & πT , but that this
non-perturbative eet in µq an still be reprodued well by the alulation
by Vuorinen for small ouplings and nite T . Only for T ≪ µq also this
approah breaks down and we enter the range of a so-alled non-Fermi liq-
uid, whih in ontrast to a lassial Fermi liquid is dominated by long-range
quasi-stati transverse gauge-boson interations. In this limit, we omplete
the previously known leading T lnT−1 ontribution to the spei heat, and
also go beyond this order to nd a series involving anomalous frational pow-
ers T (3+2n)/3 aused by dynamial sreening. We alulate their oeients
analytially up to order T 7/3 and nd that these ontributions indeed de-
termine the leading anomalous ontribution in full QED and QCD (i.e. at
nite Nf ).
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SWOOOOSH....!!!
Oh my god! What was that? - They are trying to smash us! - Oh
mum! I wanna get out!. A bunh of hysterially sreaming lead ions ying
almost at the speed of light an barely ght the 8.36 Tesla magneti elds
(some 100,000 times the strength of Earth's magneti eld) that keep them
on spiraling orbits in the Large Hadron Collider (LHC).
SWOOOOSH....!!!
Aahhh! - That was VERY lose!!! I an't believe they are doing this
to us!. With only 27 km ollider irumferene, the ion bunhes approah
themselves some 11,000 times per seond.
SWOOOOSH...!!!
Ok, that's it! Let us oooouut!! - They already ripped o all eletrons
from me! What else do they wanna do?. The darkness in the ollider is tan-
talizing, as are the 1.9 K (some -270
◦
C) oldness from the 5,000 surrounding
super-onduting magnet oils.
SWOOOOSH...!!!
I'm old!!! - Brrrr... I'm freezing!!!. You'll feel warmer soon, Old
unle Joe tried to soothe them. In his billions of years of life he had gone
through many phases. So far he had survived everything.
SWOOOOSH...!!!
What the..! - They are not... no!! Don't tell me they want to smash
us into... - ..into the Quark Gluon Plasma!!!
SWOOO - KABOOM!!!!
Let me not go into too muh detail - it's a horrible view: atoms are
smashed head on head, their inner protons and neutrons are torn apart,
even the formerly stritly onned up- and down-quarks end in a disgusting
soup of unonned quarks and gluons, whining and wining only as shok
fronts penetrate them. But this is siene: Sientists have to take the loss of
some lead atoms for the sake of knowledge about the Quark Gluon Plasma
(QGP).
2
Data in this prolog are taken from the LHC design performane website 2003 [1℄.
1

Kapitel 1
Introdution
1.1 The experiment
The study of the quark-gluon plasma in heavy ion ollision experiments
is one of the foal points of ontemporary high energy physis. Histori-
ally, sientists smashed elementary partiles sine the 1930's with Earnest
Lawrene's invention of the ylotron, whih improved earlier attempts with
linear aelerators tremendously. In a ylotron, harged partiles from ele-
tron or ion soures are aelerated on a irular orbit before they hit a target.
Even higher energies an be reahed with synhrotrons, rst onstruted at
the General Eletri Researh Laboratory for the University of California,
Berkeley, in 1949. Contrary to the ontinuous beam of a ylotron, the
synhrotron works with beam pulses whih ride on eletro-magneti waves.
Modern partile aelerators like the Super Proton Synhrotron (SPS)
at CERN or the Relativisti Heavy Ion Collider (RHIC) at Brookhaven Na-
tional Laboratory are based on this onept of the synhrotron, relying on
several steps of partile aeleration. For example, heavy ions at RHIC are
produed in the Tandem Van de Graa by stati eletriity. These partiles
are then arried to the Booster synhrotron where they are aelerated to
37% the speed of light, before they are transfered to the Alternating Gra-
dient Synhrotron where they reah 99.7% the speed of light. From there
they will be injeted into the rst RHIC ring in lokwise diretion or into
the seond RHIC ring in ounter-lokwise diretion, where partiles will be
ollided into one another in one of the six interation points of the ring [2℄.
It is interesting to note that for proton-anti-proton ollisions like in the
LHC one only needs one ollider ring instead of two, as positively harged
protons and negatively harged anti-protons an travel lokwise and ounter-
lokwise in the same magneti eld. However, the LHC also has two ol-
lider rings to also allow for lead-lead ollisions, proton-lead ollisions, proton-
oxygen ollisions, or ollisions of protons with other light ions [3℄. A summary
of aelerators that are produing or will produe the quark-gluon plasma
3
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Name Loation Year Energy Beam Orbit
SPS CERN 1994 160 GeV lead ions 6.9 km
RHIC Brookhaven 2000 200 GeV gold ions 3.8 km
LHC CERN 2007 7 TeV proton, lead 26.7 km
Tabelle 1.1: Partile aelerators that produe or will produe the quark
gluon plasma (QGP). The year marks the date of starting operation for
searh of the QGP, enter-of-mass energy is given per nuleon for SPS and
RHIC. The abbreviations of the names mean Super Proton Synhrotron
(SPS) [5℄, Relativisti Heavy Ion Collider (RHIC) [2℄, and Large Hadron
Collider (LHC) [1℄.
is given in table 1.1. Besides hadron olliders (using ions or protons) whih
will probe the quark-gluon plasma, future ollider plans also inlude lepton
olliders as CERN's proposed eletron linear aelerator CLIC (Compat
Linear Collider), or muon olliders. Sine leptons are fundamental partiles
(ontrary to hadrons whih onsist of quarks and gluons), these olliders are
espeially apt for preision measurements of partile properties. [4℄
The press releases about evidene for the prodution of the quark-gluon
plasma in heavy ion ollisions at the SPS were rst announed in 2000 [6℄.
Only indiret observations are possible sine the QGP formed in the initial
stage is quikly turned into a system of hadrons - a proess alled hadroniza-
tion. Detetion of single quarks is not possible due to olor onnement,
a property of strong interations at low energies, aording to whih quarks
must always ombine to olor-neutral hadrons before being able to travel
to the detetor. A number of experiments was neessary before sientists
dared to announe the disovery of the QGP: The theoretial analysis of the
measured hadron abundanes resembles a state of "hemial equilibrium"
at a temperature of about 170 MeV whih marks the quark-hadron transi-
tion. In partiular, there is an observed enhanement of hadrons ontaining
strange quarks by a fator of 2 to 15 (depending on the hadron), relative
to proton-indued ollision, and an observed suppression of the harmonium
states J/ψ and ψ′ [7℄ whih ontain harm quarks with masses of about 1.2
GeV, muh higher than the transition temperature of about 170 MeV. Diret
observations of the QGP via eletromagneti radiation at the SPS are di-
ult due to high bakgrounds from other soures. Higher energies at RHIC
and the LHC may allow for better observation of the plasma radiation and
enable detailed studies of the early thermalization proesses and dynamial
evolution of the quark gluon plasma. These experiments might also help
to study the order of the phase transition and to loate the triritial point
within the QCD phase diagram, where the rst-order transition hanges into
a rossover behavior.
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LHC,
308 MeV
10 MeV
170 MeV
µ
T
SPSRHIC
superconductor
matter
color
quark−gluon plasma
hadron gas
nuclear
non−Fermi liquid
Abbildung 1.1: Shemati QCD phase diagram of strongly interating mat-
ter.
1.2 QCD Phase Diagram
Depending on temperature and partile density, matter exists in various
phases. Just like water an exist in the familiar phases of solid, liquid, or
gaseous state with phase transitions between them, so will it enter a new
phase of a plasma (ionized gas) at high enough temperature to break up
hemial bonds and to ionize hydrogen and oxygen atoms. If the tempera-
ture still inreases, matter undergoes another phase transition where quarks
and gluons, whih are the onstituents of protons and neutrons, leave their
nulear onnement to form a quark gluon plasma. On the lower end of
the temperature sale, matter may exist in the phase of a Bose-Einstein
ondensate, superuids, or superondutors.
The fundamental theory desribing quarks and gluons is the theory of
strong interations, quantum hromodynamis (QCD). Unlike eletromag-
netism, whih beomes stronger as the mutual distane dereases, strong
interation gets weaker. As a onsequene, quarks, the fundamental parti-
les of QCD, are onned in pakages of three (alled baryons, like protons
and neutrons) or two (mesons, e.g. pions) at low temperatures. Any at-
tempt to separate onned quarks rather produes a new quark-antiquark
pair from the gluon eld in-between that ombines with the separated quarks
so that no single quark or net olor harge an be observed.
In gure 1.1 we see a shemati view of the QCD phase diagram. Strongly
interating matter an exist in three distint phases, depending on temper-
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ature T and hemial potential µ: the hadroni phase (onned to hadrons
as a hadron gas or nulear matter), the quark-gluon plasma, and the olor-
superonduting quark-matter. Our world is loated on the lower line of the
diagram around the phase transition of 308 to 313 MeV, in the form of hadron
droplets (nulei). Temperature T is given in units of MeV whih an be on-
verted to Kelvin using the Boltzmann onstant kB = 1.3807 × 10−23J/K =
8.617× 10−5eV/K. For a nie day of 27◦C we get 27◦C ≈ 300K ≈ 25.9meV.
The ore of our sun has a temperature of about 1.6 × 107K ≈ 1.35 keV. To
get to the quark-gluon plasma we still need to inrease temperature by ve
orders of magnitude to at least 170MeV.
The other axis of the diagram shows the quark hemial potential µ. The
term hemial potential may be misleading sine we deal with temperatures
and densities far from ordinary hemistry, but it denotes a useful quantity
that is appliable to any thermodynami system: The hemial potential is
the hange in the energy of the system when an additional onstituent par-
tile is introdued, with the entropy and volume held xed (or equivalently
the hange in the Helmholtz free energy with temperature and volume held
xed). For systems ontaining dierent speies of partiles, there is a sepa-
rate hemial potential assoiated with eah speies. If the partiles an be
transformed into one another, partile speies with higher hemial potential
will transform into a speies with lower hemial potential, releasing heat.
Therefore in an equilibrium state of several speies, the hemial potentials
of all speies must equal eah other. At zero temperature, (innite) nulear
matter has a ground state at a quark hemial potential of µ = 308 MeV.
This is the nuleon mass mN ≈ 939MeV minus the binding energy 16 MeV
divided by three for the average energy per quark or quark hemial poten-
tial. In our everyday life we nd nulear matter density only in atomi nulei
- the droplets in whih quarks are onned. Only if we inrease the pres-
sure of the system so that all droplets start touhing and overlapping eah
other, we an build a phase of innite nulear matter. Up to this point, the
pressure of the system at zero temperature is zero, beause any ompression
just means derease of the void spae between the droplets. If the density
is inreased beyond the point where the droplets start to touh, pressure
will start to inrease, too. This is the so-alled liquid-gas phase transition
between the hadron gas and nulear matter.
The pressure always hanges ontinuously if we hange from one phase to
another, but if its rst derivative with respet to T is disontinuous, we all
this a phase transition of rst order. If the rst derivative of the pressure
is ontinuous, but its seond derivative is disontinuous, we have a seond
order phase transition. Finally, if the pressure is ontinuous to all orders, but
there is a rapid hange in pressure, we an talk of a rossover. Usually, points
of phase transition in the diagram form a line that starts at one of the axis
of the diagram and may terminate at a ritial point. Also the rst-order
liquid-gas phase transition has a ritial point for a temperature of about 10
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MeV where the transition beomes seond order. Above this temperature
one annot distinguish between the gaseous and the liquid phase.
Below a temperature of 170 MeV and hemial potential of about 350
MeV, quarks stay onned in hadrons. If we further inrease temperature
and/or quark density, we arrive at the quark-hadron phase transition at
whih quarks ease to be bound in individual nulei and beome either a
deonned quark-gluon plasma or a olor superondutor. For a range of
medium quark hemial potential, the phase transition is of rst order, but
for higher temperatures and smaller hemial potentials there is a ritial
point below whih we only have a rossover, as suggested by lattie alu-
lations. Partile detetors like SPS, RHIC or LHC probe will probe the
quark-gluon plasma in a range around this triritial point. This is also the
path that our universe took in early times, some 20-30 µs (≈ 170MeV) after
the big-bang, starting with high temperature and a quark hemial poten-
tial of about 10−6MeV passing the quark-gluon phase transition down to our
universe temperature of 2.725 K [8℄ and an average quark hemial potential
of about 313.6 MeV [9℄.
For small temperatures and high hemial potential we enter the phase
of a olor superondutor [10, 11℄. This phase has been studied extensively
during the last deade, and its theoretial foundations inlude onepts taken
from the theory of ordinary superondutors: In ordinary superondutors,
eletrons are bound together by phonon interations into Cooper pairs. Color
superondutivity ours beause in the anti-triplet hannel there is an at-
trative interation between two quarks at the Fermi surfae [12, 13℄. These
quarks then ondense in the new ground state of the system by forming
Cooper pairs. Depending on T , olor superondutivity an again be lassi-
ed in dierent phases: If only up and down avors are involved, we have a
2-avor olor superondutor (2SC), for three avors inluding the strange
quark we have a olor-avor-loked (CFL) phase. Other phases studied in-
volve a olor-spin-loked (CSL) phase and a polar phase. Matter may further
our in the form of rystalline LOFF (named after Larkin, Ovhinnikov,
Fulde and Ferrell) where Cooper pairs with nonzero total momentum are
favored [14℄. Color superondutivity may exist up to a temperature of 6 to
60 MeV [15℄, above whih we enter the quark-gluon-plasma phase.
For small to medium temperature ranges, the QGP may be desribed
as a non-Fermi liquid. It is alled Non-Fermi, beause its behavior annot
entirely be desribed by the lassial (Landau-)Fermi liquid theory of non-
interating old fermions. This is due to transverse gauge bosons (transverse
gluons) whih are not sreened at small temperatures due to the properties
of dynamial sreening. We have long-range, quasi-stati interations whih
give anomalous ontributions to thermodynami quantities like the spei
heat. Suh non-Fermi liquid behavior might have inuene on astrophysial
alulations, for example the ooling rate of proto-neutron stars [16℄. Non-
Fermi liquid behavior also appears in solid state physis experiments, for
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example in the spei heat of the YbRh2Si2 rystal [17, 18℄.
1.3 Outline
This thesis is organized as follows:
In hapter 2 we will introdue large Nf QCD where the number of quark
avors Nf is sent to innity while the eetive oupling geff ∝ g2Nf stays
of order 1. We will see that this theory is exatly solvable in the eetive
oupling at next-to-leading order of the 1/Nf expansion. Also, the sale
dependene is ompletely solvable to this order. Therefore this theory is
partiularly suitable for testing other perturbative and non-perturbative ap-
proahes against this limit. In ontrast to lattie gauge theory, large Nf an
be readily extended to nite µ.
In hapter 3 we will explore the non-Fermi-liquid regime of the large
Nf theory. We will derive the pressure and the spei heat perturbatively
and show that beyond the leading logarithm there are anomalous frational
powers and we alulate their oeients up to order T 7/3 in the spei
heat. We will see that frational powers appear from the transverse gluon
propagator whose alulation is arried out in areful detail, but both, longi-
tudinal and transverse ontributions to the pressure are needed to omplete
the leading logarithm of the spei heat.
The nal hapter 4 gives a summary and an outlook.
Kapitel 2
Large Nf
2.1 Introdution to Large Nf QCD
2.1.1 Why Large Nf?
Large Nf QCD is quantum hromodynamis (QCD) with the number of
quark avors Nf assumed to be large (Nf → ∞) and the strong oupling
αs = g
2/(4π)→ 0 assumed to be small so that the eetive oupling (whih
we will dene later) g2eff ∼ g2Nf ∼ αsNf ∼ O(1) stays of order 1. Also, the
number of olors Nc stays small Nc ∼ O(1).
Why do we want to study Nf →∞? After all, in our everyday world we
only experiene two quark avors, that are the up and down quarks with
masses of the order of 1-10 MeV. For the quark gluon phase transition at a
temperature of about 170 MeV, only one more quark avor, the strange
quark with a mass of about 80-155 MeV [19℄, will play a onsiderable role
in the thermal state. Even if we onsider the other known quark types
harm, bottom (also alled beauty), and top (whih is barely alled
truth anymore) with masses beyond a GeV, we end up with a total of
Nf ≤ 6 quark avors. Clearly, the aim is not to realistially model QCD,
but to study the theory in a well dened limit that turns out to be exatly
solvable up to next-to-leading order in an 1/Nf expansion while ontaining
essential physis of the full theory.
Ideally, we would like to solve full QCD, but so far only approximate nu-
merial results from lattie simulations are available (at least for small µ/T ),
but with not ompletely understood systemati unertainties. For tempera-
tures far above the intrinsi sale of QCD, T ≫ ΛQCD, we expet the oupling
g to get small [20℄. Due to this property of strong interation, alled asymp-
toti freedom, we an expand the theory in terms of small g. It turns out
that a strit perturbative expansion of thermodynami parameters like the
pressure in terms of the small oupling g would only work for ridiulously
high temperatures and fails to work for the interesting region of tempera-
9
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ture values slightly above the phase transition Tc or the QCD sale ΛQCD:
Suessive orders in perturbation theory show very poor onvergene. But
this is not the only problem: Hot QCD has an intrinsially nonperturbative
sale in the magnetostati setor at wave numbers k ∼ g2T . For the pressure
this means that perturbation theory eases to work at order g6T 4 [21, 22℄.
For other observables, this might even mean striter restritions to an ex-
pansion in g: Nonperturbative orretions are suppressed only by a power
of g2 for photon emissivity [23℄, a power of g for the Debye sreening length
[24, 25℄, or even not suppressed at all but appear at leading order in the ase
of the baryon number violation rate [26, 27℄. But even in theories without
the problem of a nonperturbative magnetostati sale like in hot QED, the
poor onvergene of the perturbative series remains [28, 29, 30, 31, 32℄.
There have been attempts to improve the situation by reorganizations or
partial resummations of the perturbative expansions of hot QCD. In salar
models where one already meets similar diulties of poor onvergene [33℄,
Karsh et al. [34℄ proposed to keep a sreening mass unexpanded at any
given order of the loop expansion and to x this mass by a stationarity
priniple, whih tehnially means subtrating a mass term from the bare
Lagrangian and adding it to the interation part. This suessful approah
was extended to QCD by Andersen et al. [35, 36, 37, 38, 39, 40℄ by replaing
the simple mass term by the gauge-invariant hard-thermal-lop (HTL) ation
[41, 42℄, a method whih they termed HTL perturbation theory. Another
approximation method is based on Φ-derivable approximations [43, 44℄ for
2PI skeleton diagrams advoated by Blaizot et al. [45, 46, 47, 48, 49℄. Here,
the starting point is an expression of the thermodynami potential in terms
of dressed propagators, where bare propagators are funtionals of the full
propagators that have to satisfy a stationarity ondition. Trunation in this
sheme does not happen in terms of the oupling g, but one resums diagrams
to a given loop order of the 2PI skeleton diagrams.
All of these approahes show improved onvergene properties, but it is
diult to tell to what extent these resummations an predit the orret
behavior of full QCD. Apart from the neessary ondition that these theories
should oinide with perturbative QCD at very small ouplings (orrespond-
ing to temperatures far beyond the sope of urrent ollision experiments),
only lattie alulations [50, 51℄ ould give truly independent indiations as
to whih resummation sheme to trust. Lattie theory on the other hand
works more like a blak box for theorists and provides only limited insight
into the atual underlying physis, like sreening eets or olletive modes.
One has therefore been looking for simpler theories that ould be solved ex-
atly, so that other resummation shemes ould be tested within that simpler
framework. One suh theory is large-N salar eld theory with φ4 intera-
tion [52, 53℄ with an exatly solvable N →∞ limit. Another limit that has
been studied in the past is the large N limit of a salar eld theory in 6
dimensions with ubi interations [53℄ that mimis QED with N avors. It
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is riher than large N φ4-theory in that self-energies vary with momentum
and wave-funtion renormalization is needed just like in full QCD. Yet, this
theory involves instabilities whih prevents one from diret omparisons to
QCD. A more appealing test bed is large Nf QCD.
Besides being exatly solvable up to next-to-leading (NLO) order in 1/Nf ,
large-Nf QCD ontains the same ompliated frequeny and momentum de-
pendent gauge eld sreening and damping as full QCD and its perturbative
series shows similarly poor behavior as full QCD. One should keep in mind
though that sine large Nf QCD only resembles part of the full QCD theory,
we do not expet large Nf to give any useful preditions for a small number
of avors. In fat, with a running oupling that leads to a Landau pole (like
in QED) and exludes the possibility of onnement, large Nf at NLO is
quite dierent from full QCD. Also, the leading order ontributions to full
QCD in an expansion in the oupling g are numerially dominated by sub-
leading powers of 1/Nf for small Nf , as we will see in the next setion. Yet,
large Nf an be regarded as an important test theory, and any resummation
sheme had better get lose to the exat NLO result in the large Nf limit.
On the other hand, even if a theory turns out to reprodue the right large
Nf limit, that does not guarantee that it will orretly predit the full QCD
result. After all, large Nf is a test theory, but ontains a lot of the physis
of full QCD, so if we an do this test, let's better do it.
2.1.2 Comparison to strit perturbative expansion in g
It is instrutive to see whih terms of perturbation theory survive in the
large Nf limit. Strit perturbation theory has a long tradition. An overview
over the known oeients is given in gure 2.1. The leading order result
to the pressure of perturbative QCD is just the Stefan-Boltzmann pressure
of non-interating quarks and gluons. The rst non-trivial ontributions to
this result proportional to αs were alulated independently by Shuryak and
Chin in 1978 [54, 55℄ by alulating one- and two-loop vauum graphs. The
next order already turned out to be non-analyti in αs and required the
resummation of an innite subset of diagrams. This was done by Kapusta
to order α
3/2
s [56℄ and Toimela to order α2s lnαs [57℄. Subsequent orders
demanded new tools for evaluating sum-integrals by Arnold, Zhai and Kas-
tening [28, 29, 58℄, or the introdution of dimensional redution [59, 60, 61℄
by Braaten and Nieto [62℄. The last perturbative series oeient that has
be alulated so far for full QCD is the α3s lnαs oeient by Kajantie, Laine,
Rummukainen, and Shröder [63, 64℄. The order α3s oeient is ompletely
non-perturbative as pointed out by Linde [21℄ and Gross, Pisarski, and Yae
[22℄. Reently the perturbative result has been extended to nite hemial
potential by Vuorinen [65℄.
In this perturbative series the eet of large Nf is straightforward to be
seen: Sine we keep the quantity αsNf ∼ O(1) of order one while we send
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Perturbative alulations of QCD at high T/µ
P =
8π2
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6 )
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2
{
−799.2 − 21.96Nf − 1.93N2f Zhai&Kastening 1995
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6 )(1 − 233Nf ) ln µ¯2πT
}
(αsπ )
5
2 Braaten&Nieto 1996
+
{
1139.8 + 65.89Nf + 7.653N
2
f
Kajantie, Laine,
−14852 (1 +
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6 )(1− 233Nf ) ln µ¯2πT
}
ln παs (
αs
π )
3 Rummukainen&
Schro¨der 2002
+
{
?!+?Nf+?N
2
f + C(µ¯)N
3
f
}
(αsπ )
3 +O(αsπ )
7
2
}
* extension to µq 6= 0 : Vuorinen 2003
* C(µ¯) = 0.040...for µ¯ = πT (A.I.&A.Rebhan 2003, see setion 2.5.2)
* ?!: ompletely non-perturbative (Linde 1980; Gross, Pisarski & Yae 1980)
Figure 2.1: Known oeients for the pressure of perturbative QCD by
2003. The oeient marked as ?! denotes the breakdown of perturbation
theory in the order α3s. Only a few oeients of this series ontribute
to the NLO ontribution of the large-Nf limit, namely those of the form
αnsN
n
f . Partiularly, terms ontaining a logarithm of the oupling lnαs do
not survive the large-Nf limit. The large-Nf oeient C(µ¯) of order N
3
fα
3
s
has been extrated numerially from the exat NLO result.
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Nf → ∞ and αs → 0, the leading order (LO) ontribution to the pressure
is just given by the ontribution proportional to Nf : P = 7π
2NfT
4/60.
Atually, this ontribution is innitely large for Nf →∞, but we an always
subtrat this known leading order ontribution to obtain a nite orretion
at next-to-leading order (NLO). From gure 2.1 we see that now all orders in
the oupling αs ontribute to the large Nf NLO result whih are of the form
αpsN
p
f with p = 0, 1,
3
2 , 2,
5
2 . A graphial omparison of the partial sums
of the series against the exat large Nf NLO alulation will be presented
below in gure 2.8.
2.1.3 Outline
The pressure in largeNf QCD was rst alulated by Moore for zero hemial
potential [66℄
1
and suessively extended to nite hemial potential [68℄.
In the following setions we will present the exat large Nf result for the
thermal pressure and some derived quantities thereof like the quark number
suseptibilities or the entropy. The theory inevitably ontains a Landau
pole. We will study its eet on the result and show for whih range of
the oupling the eet of the Landau pole is negligible. At zero hemial
potential we ompare the exat large Nf result of the pressure and the quark
number suseptibilities with known results from thermal perturbation theory
[29, 58, 69℄ obtained at small hemial potential where dimensional redution
[59, 70, 61℄ is appliable. We verify the reent three-loop result of Vuorinen
[71℄ on quark number suseptibilities numerially in the large Nf limit as well
as a numerial oeient in the pressure at zero temperature obtained long
ago by Freedman and MLerran [72, 73℄. For small values of the oupling
g, our numerial auray allows us to extrat a number of perturbative
oeients at order g6 that are not yet known from analytial alulations.
It is remarkable that large Nf an be safely alulated all the way down
from large temperatures and zero hemial potential to large hemial po-
tential and zero temperature for eetive ouplings g2eff . 20, whih is a
main advantage ompared to lattie gauge theory. For a long time, the so-
alled sign problem prohibited alulations of fermions with nite hemial
potential on the lattie. Only reently there has been important progress re-
garding alulation of thermodynami quantities within lattie gauge theory
[74, 75, 76, 77, 78, 79℄. Using the large Nf limit, we an test the saling
behavior notied in lattie alulations by Fodor, Katz, and Szabo [75℄ and
nd that it breaks down rather abruptly at µq & πT . We an also test the
range of appliability of dimensional redution by omparison to perturba-
tive alulations at nite temperature and hemial potential by Vuorinen
[65℄, where we study the eet of the hoie of the renormalization sale.
1
The rst published version ontained an unfortunate oding error whih was revealed
and orreted by an independent alulation involving the author of this thesis [67℄.
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Figure 2.2: Diagrams ontributing to the large Nf limit. At leading order
(LO) of the order O(Nf ) there is only the fermion loop (A) ontributing.
At next-to-leading order (NLO) of order O(1) there is an innite number of
diagrams ontributing (B) whih an be resummed by the Shwinger-Dyson
method.
At small temperatures T ≪ µ we enter the region of a non-Fermi-liquid
behavior, whih will be studied in detail in the next hapter.
Further disussions on the large Nf limit an be found in the literature
by Peshier [80℄ on the quasipartile piture [81, 82, 83℄, who points out
the large dierenes between large and small Nf QCD with respet to the
dierent strong oupling behavior and questions the immediate signiane
of a omparison within large Nf NLO. A detailed disussion of the HTL-
quasipartile piture of QCD with respet to large Nf and its impliations
on 2PI φ-derivable approximations [45℄ is given by Rebhan [84℄.
2.2 Pressure at Large-Nf QCD
In the following we want to alulate the thermal pressure in the large Nf
limit. As we already mentioned there are indeed two quantities that are in-
volved in the limit: The number of avors Nf and the oupling g. By forming
the limit Nf →∞ we atually keep the eetive oupling g2eff ∼ g2Nf of order
1. In this sense, a suppression by a fator 1/Nf is equivalent to a suppression
by a fator g2. We will see how this provides a very strong ordering priniple
for diagrams in the large Nf expansion. There are no speial assumptions
on the number of olors. We will alulate the pressure at next-to-leading
order (NLO) where the theory an be solved exatly, that is to all orders in
the eetive oupling, apart from possible diulties introdued by a Lan-
dau pole that we will disuss later. We will follow the original approah of
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referenes [66, 67℄ and dene the eetive oupling as
g2eff ≡
g2NfCFdF
dA
=

g2Nf
2
, QCD ,
g2Nf , QED .
(2.2.1)
where CF is the quadrati Casimir of the representation ontaining the
fermions and dF and dA are the dimensions of the fermioni and adjoint
representations. This allows us to treat the two ases of massless QCD and
ultrarelativisti QED the theory at the same time. Sine the oupling runs in
these theories, we need to know the β funtion. The one-loop β funtion for
QCD, that is a SU(N) gauge theory with Nf fermions in the fundamental
representation, is given by
2g
µdg
dµ
=
µd(g2)
dµ
= β(g2) = − 2g
4
(4π)2
(
11
3
N − 2
3
Nf
)
. (2.2.2)
For suiently small Nf , that is Nf <
11
2 N , the β funtion is negative, whih
means that QCD is asymptotially free. In the limit of Nf →∞ we see that
this behavior hanges as the sign of β(g) gets positive and large Nf therefore
is no more an asymptotially free theory. The β funtion then beomes
β(g2eff ) =
µdg2eff
dµ
=
(g2eff)
2
6π2
. (2.2.3)
This relation turns out to be exat at leading order in 1/Nf , even if we
add higher loop beta funtion ontributions (see for example referene [85℄)
to the one-loop result (2.2.2) beause they are diagrammatially suppressed
at least by a fator of 1/Nf ∝ g2. We an solve the renormalization sale
dependene exatly, giving
1
g2
e
(µ)
=
1
g2
e
(µ′)
+
ln(µ′/µ)
6π2
. (2.2.4)
This theory ontains a Landau pole of the order of Λ
L
∼ µ exp(6π2/g2eff ).
Following referene [66℄ we dene the Landau sale Λ
L
suh that the vauum
gauge eld propagator diverges at Q2 = Λ2
L
. The vauum gauge eld prop-
agator is dened as D−1vac = q2 − q20 + Πvac with Πvac from equation (2.2.9)
below, whih leads to
Λ
L
= µ¯
MS
e5/6e6π
2/g2
eff
(µ¯
MS
) . (2.2.5)
This Landau singularity means that the exat denition of the theory is
ambiguous unless the UV ompletion is speied. But that should not hinder
us from doing nite temperature alulations sine the ambiguity for the
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thermal pressure at NLO is suppressed by a fator (max(T, µ)/Λ
L
)4. As
long as we stay well below the Landau pole with temperature T and hemial
potential µ, we an expet to get results whih are not aited by the UV
inompleteness of the large Nf theory.
The pressure an be alulated by omputing the diagrams ontributing
to the free energy, whih is the trae of the sum of all 1PI vauum bubble
graphs. At leading order in the 1/Nf expansion we only have one diagram -
that is the bare fermion loop in gure 2.2. To obtain the thermal pressure,
we subtrat o the vauum part of the diagrams. The leading order pressure
is thus given by
PLO = NfTr
T ∑
n,odd
∫
d3q
(2π)3
ln 6Q−
∫
d4Q
(2π)4
ln 6Q
 . (2.2.6)
It is well-known how to alulate this ontribution for nite temperature and
hemial potential and the pressure is given by
PLO = NNf
(
7π2T 4
180
+
µ2T 2
6
+
µ4
12π2
)
. (2.2.7)
The leading order ontribution in the pressure is thus of order Nf and stritly
speaking innitely large in the limit of Nf → ∞. Of ourse, we an always
think of this as the leading ontribution to an expansion in terms of 1/Nf
with large but nite Nf .
The next-to-leading order (NLO) of this expansion is proportional to
N0f = 1. We an alulate it from the gauge boson loop with an arbitrary
number of fermion loop insertions (plus orresponding ounterterm inser-
tions), whih are all of order N0f . For eah fermion loop insertion we get a
fator Nf and a fator g
2
from the two verties, thus just our eetive ou-
pling g2Nf ∝ g2eff ∼ O(1). Any additional bosoni or ghost insertion would
give fators of g2 or higher, without introduing new fermion loop fators of
Nf , and are thus suppressed by at least a fator of g
2 ∝ 1/Nf . Therefore
this gauge boson loop is all there is to NLO. It an be resummed by the
standard Shwinger-Dyson resummation. Its ontribution to the pressure is
(again subtrating the vauum part)
PNLO = −1
2
Tr
(
T
∑
n,even
∫
d3q
(2π)3
ln([D−10 ]
µν(Q) + Πµνth (Q))
−
∫
d4Q
(2π)4
ln([D−10 ]
µν(Q) + Πµνvac(Q))
)
(2.2.8)
where the trae runs over group and Lorentz indies. The vauum part of
the gauge-boson self energy is given by
Πµν
va
(Q) = − g
2
e
12π2
(
ηµνQ2 −QµQν)(ln Q2
µ¯2
− 5
3
)
, (2.2.9)
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and the one-loop bosoni self-energy an be alulated via
Π˜G(Q) ≡ ηµνΠµν(Q)− [vac] = 2ΠT (Q) + ΠL(Q), (2.2.10)
Π˜H(Q) ≡ Π00(Q)− [vac] = q
2
Q2
ΠL(Q) (2.2.11)
where Π˜G and Π˜H will be alulated in the next setion in equations (2.3.21),
(2.3.22), and (2.3.26). These annot be given in losed form exept for
their imaginary parts [67℄, but are represented by one-dimensional integrals
involving the fermioni distribution funtion nf . Using this deomposition
of the self energy, the trae of the resummed propagator an be rewritten as
Tr ln([D−10 ]
µν(Q)+Πµνth (Q))=2 ln(Q
2+ΠT+Πvac)+ln(Q
2+ΠL+Πvac)−ln(Q2)
(2.2.12)
if we hoose an appropriate gauge in whih D−10 fatorizes in the same way as
Π, as for example in the Feynman gauge [D−10 ]
µν(Q) = ηµνQ2. Any gauge
dependene drops out to our order of interest, sine we only regard the
dierene between thermal and vauum ontributions. We an now perform
the sum over Matsubara frequenies in the usual way of replaing it by a
ontour integral that is deformed appropriately. The result is then given by
[66℄
PNLO
Ng
= −
∫
d3q
(2π)3
∫ ∞
0
dq0
π
[
2
(
[nb +
1
2
]Im ln(q2 − q20 +ΠT +Πvac) (2.2.13)
−1
2
Im ln(q2 − q20 +Πvac)
)
+
(
[nb +
1
2
]Im ln(
q2 − q20 +ΠL +Πvac
q2 − q20
)− 1
2
Im ln(
q2 − q20 +Πvac
q2 − q20
)
)]
with the bosoni distribution funtion nb(ω) = 1/(e
ω/T − 1) oming di-
retly from the sum over even frequenies q0 = 2nπT . When evaluating the
integrals above exatly by numerial means, we an safely integrate parts
proportional to nb in Minkowski spae, sine those are exponentially ultra-
violet safe. For terms without nb more are is required. We will refer to the
former ontributions as nb-parts and the latter as non-nb ontributions.
The non-nb ontributions are potentially logarithmially divergent, unless
a Eulidean invariant uto is introdued [66℄. We will disuss this point in
more detail in setion 2.4.
For non-vanishing hemial potential µ we use the fermioni distribution
funtion
nf (k, T, µ) =
1
2
(
1
e(k−µ)/T + 1
+
1
e(k+µ)/T + 1
)
(2.2.14)
whih enters via the gauge boson self-energy expressions ΠT and ΠL.
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2.3 Leading-order gauge boson self-energy
The leading-order gauge boson self-energy in the large Nf limit is diagram-
matially represented by a gauge boson propagator ontaining one fermion
loop insertion. In the imaginary time formalism it an be written as
π˜Πµν(iωn,p) = 2Nf g˜
2g2
∫
d3k
(2π)3
∫ ∞
−∞
dk0
2π
∫ ∞
−∞
dq0
2π
ρ0(k0,k)ρ0(q0,q)
×n(k0)− n(q0)
k0 − q0 − iωn
(
kµqν + qµkν − gµνkαqα + gµνm2
)
(2.3.1)
with q ≡ k − p. The onstants g˜ and π˜ an be adjusted to t various au-
thor's onventions (see also the onventions used in appendix B). We follow
Weldon's onventions [86℄ by setting g˜2/π˜ = −1. The fermioni Boltzmann-
fator is given by n(k0) = 1/(e
k0/T + 1) and the spetral funtion is given
by ρ0(k0,k) = 2πǫ(k0)δ(k
2
0 − k2 −m2) = πεk (δ(k0 − εk) − δ(k0 + εk)) with
ǫ(k0) = k0/|k0| and εk ≡
√
k2 +m2. We an nd a spetral form of the self
energy by using
Πµν(z,p) =
∫ ∞
−∞
dp0
2π
πµν(p0, p)
z − p0 (2.3.2)
whih is valid for any omplex z [87, eq (3.1.36)℄. The spetral density is
then given by
π˜πµν(p0,p) = −2Nf g˜2g2
∫
d3k
(2π)3
∫ ∞
−∞
dk0
2π
∫ ∞
−∞
dq0
2π
ρ0(k0,k)ρ0(q0,q)
× (n(k0)− n(q0)) 2πδ(p0 − k0 + q0)Iµν (2.3.3)
with
Iµν =
(
kµqν + qµkν − gµνkαqα + gµνm2
)
.
The spetral density is manifestly real whih will simplify our alulations.
Sine the spetral density will play an important role, we will try to push
its alulation as far as we an. After integrating over q0, we are left with
with an expression depending only on kµ = (k0,k) and p
µ = (p0,p). A
transformation of variables kµ → −k′µ + pµ in the part proportional to
n(q0) = n(k0 − p0) leaves all other parts invariant up to minus signs. It
basially replaes n(k0− p0) by −n(−k′0) = n(k′0)− 1 so that we an replae
(n(k0)− n(q0)) by (2n(k0)− 1) in equation (2.3.3). If we use z = cos θ as
the angle between pk = pkz, we an express
ρ0(k0 − p0,k− p) = 2πǫ(k0 − p0) 1
2kp
δ(z − k
2 + p2 − (k0 − p0)2
2kp
) (2.3.4)
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and integrate over z in
∫
d3k
(2π)3 =
1
(2π)2
∫ 1
−1 dz
∫∞
0 k
2dk. Analogous to Weldon
[86℄ we an then dene
IG ≡ gµνIµν = −k20 + k2 + p20 − p2, (2.3.5)
IH ≡ uµuνIµν = 1
2
(
k2 − p2 + (k0 − p0)(3k0 − p0)
)
with uµ = (1, 0, 0, 0) and integrate over k0. This is the last integral that we
an do analytially. The spetral density turns out to be antisymmetri in
k0 meaning π(k0,k) = −π(−k0,k). The nal result for the spetral density
of the self-energy an then be written as a sum of two parts that only dier
by the sign of p0
πX(p0,p) = π
+
X(p0, p)− π+X(−p0, p), (2.3.6)
π+X(p0, p) = −
g˜2
π˜
g2Nf
2πp
∫ ∞
0
dk
(
n(k)− 1
2
)
I¯X (2.3.7)
×ǫ(k − p0)θ(|k − p| ≤ |k − p0| ≤ |k + p|)
with X = G or H as in
I¯G ≡ IG(k0 = k) = p20 − p2, (2.3.8)
I¯H ≡ IH(k0 = k) = 1
2
(2k + p− p0)(2k − p− p0).
The θ-funtion stems from the integration over z with −1 ≤ z ≤ 1 and its
usage here means θ(true expression) = 1 and θ(false expression) = 0.
Self-energy in the omplex energy plane
Starting from the spetral form (2.3.2) we an alulate the self-energy in
Minkowski or in Eulidean metri or anywhere between in the omplex plane.
To ompare our results to the real-time formalism we start with the self-
energy with Feynman presription
Π˜F (p0,p) ≡ Π(p0 + ip0ε,p). (2.3.9)
Separating
1
x+iε =
P
x − iπδ(x) with P denoting the prinipal value, and
knowing that π(k0,k) is a real funtion, we an easily separate this equation
into real and imaginary parts
ReΠ˜F (p0,p) =
∫ ∞
−∞
dp′0
2π
π(p′0, p)
P
p0 − p′0
, (2.3.10)
ImΠ˜F (p0,p) = −1
2
ǫ(p0)π(p0, p). (2.3.11)
20 KAPITEL 2. LARGE NF
In the general ase we an write
Π(a+ ib,p) =
∫ ∞
−∞
dp0
2π
π(p0, p)
1
a+ ib− p0
=
∫
dp0
2π
π(p0, p)
(
a− p0
(a− p0)2 + b2 − i
b
(a− p0)2 + b2
)
(2.3.12)
where we separated real- and imaginary parts. By using the antisymmetry
property of the spetral density (2.3.6) we an nally write
Π(a+ ib,p) =
∫
dp0
2π
π+(p0, p)
(
a− p0
(a− p0)2 + b2 −
a+ p0
(a+ p0)2 + b2
)
−i
∫
dp0
2π
π+(p0, p)
(
b
(a− p0)2 + b2 −
b
(a+ p0)2 + b2
)
(2.3.13)
where all integrals to be evaluated are real. Partiularly for the ase a→ 0
and b = ω 6= 0 we reover the result for the Eulidean metri
Π˜Eucl(iω,p) ≡ Π(iω + ε,p), (2.3.14)
ReΠ˜Eucl(iω,p) =
∫ ∞
−∞
dp0
2π
π+(p0, p)
−2p0
ω2 + p20
=
∫ ∞
−∞
dp0
2π
π(p0, p)
−p0
ω2 + p20
, (2.3.15)
ImΠ˜Eucl(iω,p) = 0. (2.3.16)
Minkowski spae results
Plugging our self-energy (2.3.6) in the expressions (2.3.10) above we get the
Minkowski spae results. First we note that we an write the integral over
p0 that we have to deal with in a simple way sine p and k are positive:∫ ∞
−∞
dp0ǫ(k − p0)θ(|k − p| ≤ |k − p0| ≤ |k + p|)f(p0)
= θ(k − p)
(∫ p
−p
dp0f(p0)−
∫ 2k+p
2k−p
dp0f(p0)
)
+θ(p− k)
(∫ 2k−p
−p
dp0f(p0)−
∫ 2k+p
p
dp0f(p0)
)
=
∫ p
−p
dp0f(p0)−
∫ 2k+p
2k−p
dp0f(p0). (2.3.17)
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The resulting integral for the real part an then be written as
ReΠ˜X(p0,p) = − g˜
2
π˜
g2Nf
2πp
∫ ∞
0
dk
(
n(k)− 1
2
)
(2.3.18)
×
[∫ p
−p
dp′0−
∫ 2k+p
2k−p
dp′0
](
P
p0 − p′0
− P
p0 + p
′
0
)
I¯X(k, p
′
0, p).
Using∫
dp′0
(
P
p0 − p′0
− P
p0 + p′0
)
I¯G(k, p
′
0, p)
= −p′20 − (p20 − p2)
(
log(|p′0 − p0|) + log(|p′0 + p0|)
)
(2.3.19)
and ∫
dp′0
(
P
p0 − p′0
− P
p0 + p
′
0
)
I¯H(k, p
′
0, p)
=
1
2
[
8kp′0 − p′20 − (2k − p− p0)(2k + p− p0) log(|p′0 − p0|)
−(2k − p+ p0)(2k + p+ p0) log(|p′0 + p0|)
]
(2.3.20)
we nally arrive at the real part of the self-energy that is stated in Weldon's
paper [86℄
ReΠ˜G(p0,p) =
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
×
[
4k +
p20 − p2
2p
log
∣∣∣∣2k + p0 + p2k + p0 − p 2k − p0 + p2k − p0 − p
∣∣∣∣](2.3.21)
and
ReΠ˜H(p0,p) =
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
×
[
2k
(
1− p0
p
log
∣∣∣∣p0 + pp0 − p
∣∣∣∣)
+
(2k + p0 + p)(2k + p0 − p)
4p
log
∣∣∣∣2k + p0 + p2k + p0 − p
∣∣∣∣
−(2k − p0 − p)(2k − p0 + p)
4p
log
∣∣∣∣2k − p0 − p2k − p0 + p
∣∣∣∣] . (2.3.22)
Note that Weldon already subtrated the T = 0 vauum part and replaed
n(k)− 12 by n(k). For the imaginary part no further alulation is neessary
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and we an simply relate the imaginary part of the self-energy to its spetral
density (2.3.6)
ImΠ˜X(p0,p) = −1
2
ǫ(p0)
(
π+X(p0, p)− π+X(−p0, p)
)
. (2.3.23)
We are left with integrals over k that an be solved analytially. We rewrite
the integral over k for the sign- and the θ-funtion as∫ ∞
−∞
dkǫ(k − p0)θ(|k − p| ≤ |k − p0| ≤ |k + p|)f(k)
= θ(p2 − p20)
∫ ∞
p0+p
2
f(k)dk − θ(p0 − p)
∫ p0+p
2
p0−p
2
f(k)dk. (2.3.24)
The funtion f(k) is one of the following f(k) = n(k), kn(k), or k2n(k) if
we already subtrat the vauum part from n(k)− 12 . This leaves us with the
following integrals
F1(x) ≡
∫ ∞
x
n(k)dk = −x+ T log(ex/T + 1),
F2(x) ≡
∫ ∞
x
kn(k)dk =
π2T 2
6
− x
2
2
+ xT log(ex/T + 1) + T 2Li2(−ex/T ),
F3(x) ≡
∫ ∞
x
k2n(k)dk = −x
3
3
+ x2T log(ex/T + 1)
+2xT 2Li2(−ex/T )− 2T 3Li3(−ex/T ) (2.3.25)
with Lin(x) being the polylogarithm funtion. The funtions Fi(x) have the
property that Fi(x → ∞) → 0 and Fi(x > 0, T → 0) → 0. The thermal
ontribution to the imaginary part of the self-energy an then be written as
ImΠ˜X(p0,p) = −1
2
ǫ(p0)
(
− g˜
2
π˜
)
g2Nf
2πp
×
[
θ(p2 − p20)
(
F+X (
p0 + p
2
)− F−X (
−p0 + p
2
)
)
+θ(p0 − p)
(
F+X (
p0 + p
2
)− F+X (
p0 − p
2
)
)
−θ(−p0 − p)
(
F−X (
−p0 + p
2
)− F−X (
−p0 − p
2
)
)]
(2.3.26)
with X = G or H and
F±G (x) =
∫ ∞
x
n(k)I¯Gdk = (p
2
0 − p2)F1(x), (2.3.27)
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F±H (x) =
∫ ∞
x
n(k)I¯H(k,±p0, p)dk = p
2
0 − p2
2
F1(x)∓ 2p0F2(x) + 2F3(x).
(2.3.28)
Using symmetri and antisymmetri versions of these funtions FSX ≡ (F+X +
F−X )/2 and F
A
X ≡ (F+X − F−X )/2 we an rewrite equation (2.3.26) as
ImΠ˜X(p0,p) = −1
2
ǫ(p0)
(
− g˜
2
π˜
)
g2Nf
2πp
(2.3.29)
×
[
FSX(
|p0 + p|
2
)− FSX(
|p0 − p|
2
)
+ǫ(p0 + p)F
A
X (
|p0 + p|
2
)− ǫ(p0 − p)FAX (
|p0 − p|
2
)
]
.
This way of writing is espeially onvenient for alulating the G-part of the
self-energy, sine FAG = 0 vanishes.
Eulidean spae results
To obtain the results in Eulidean spae we start from equation (2.3.15) with
π+. As in the ase for the Minkowski metri, we an simplify the integral
over p0 with sign- and θ-funtion aording to equation (2.3.17) and we are
left with real integrals of the basi form∫
dp0
−2p0
ω2 + p20
I¯G(k, p0, p) = −p20 + (ω2 + p20) log(ω2 + p20) (2.3.30)
and∫
dp0
−2p0
ω2 + p20
I¯H(k, p0, p) =
1
2
p0(8k − p0)− 4kω arctan
(p0
ω
)
−1
2
(4k2 − p2 − ω2) log(ω2 + p20). (2.3.31)
For ω2 + p20 > 0 there is no danger of running into singularities. Using the
integral limits for p0 from −p to p and 2k− p to 2k+ p as in (2.3.17) we an
write the self-energy in the Eulidean metri as
ReΠ˜G(iω,p) =
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
(2.3.32)
×
(
4k +
ω2 + p2
2p
log
ω2 + (2k − p)2
ω2 + (2k + p)2
)
,
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ReΠ˜H(iω,p) =
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
(2.3.33)
×
[
2k +
ω2 + p2 − 4k2
4p
log
ω2 + (2k − p)2
ω2 + (2k + p)2
−2kω
p
(
arctan
2k − p
ω
+ 2arctan
p
ω
− arctan 2k + p
ω
)]
.
This is in priniple the result given by referene [66℄ up to the appearane
of the ar tangents in the last line. The expression given there an be fully
reovered by using arctan(z) = 12 i log(1− iz)− 12 i log(1 + iz) for omplex z
and gathering the sum of logarithms into one logarithmi expression
arctan
2k − p
ω
+ 2arctan
p
ω
− arctan 2k + p
ω
≃ − i
2
log
1 + 4k
2
(ω−ip)2
1 + 4k
2
(ω+ip)2
. (2.3.34)
However this expression should be used with are. If one takes the prinipal
branh of the logarithmi expression on the r.h.s., one obtains results that
might dier from the ar tangent expression by some multiple of π. Solving
for the branh-ut, that is where the expression inside the logarithm equals
−1, one nds that expression for real ω, p, and k an be written as
∑
arctan = − i
2
log
1 + 4k
2
(ω−ip)2
1 + 4k
2
(ω+ip)2
+ πǫ(pω)θ(p2 − ω2)θ(|k| − p
2 + ω2
2
√
p2 − ω2 )
(2.3.35)
where one should take the prinipal value of the arctan and log expressions
involved. As shown in equation (2.3.16) the imaginary part of the self-energy
in the Eulidean spae vanishes.
Complex Result
The result in the omplex plane allows us to link results in Minkowski spae
and Eulidean spae by great ars. The safest way to obtain the result
in the omplex plane is to start with equation (2.3.13), where all integrals
involved are real, and the result for the self-energy is separated into real and
imaginary part. Starting point are the following indenite integrals
FReG (p0) ≡
∫
dp0
(
a− p0
(a− p0)2 + b2 −
a+ p0
(a+ p0)2 + b2
)
I¯G (2.3.36)
= −p20 − 2ab
(
arctan
a− p0
b
+ arctan
a+ p0
b
)
−1
2
(a2 − b2 + p2) (log(b2 + (a− p0)2) + log(b2 + (a+ p0)2)) ,
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F ImG (p0) ≡
∫
dp0
(
b
(a− p0)2 + b2 −
b
(a+ p0)2 + b2
)
I¯G (2.3.37)
= −(a2 − b2 − p2)
(
arctan
a− p0
b
+ arctan
a+ p0
b
)
+ab
(
log(b2 + (a− p0)2) + log(b2 + (a+ p0)2)
)
.
Analogous results for FReH and F
Im
H an be easily derived with any symboli
integrator. We ombine these integrals aording to equation (2.3.17) to
form the result in general omplex plane (X = G or H):
ReΠX(a+ ib,p) =
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
1
2p
(2.3.38)
× (FReX (p)− FReX (−p)− FReX (2k + p) + FReX (2k − p)) ,
ImΠX(a+ ib,p) = −
(
− g˜
2
π˜
)
g2Nf
2π2
∫ ∞
0
dk
(
n(k)− 1
2
)
1
2p
(2.3.39)
× (F ImX (p)− F ImX (−p)− F ImX (2k + p) + F ImX (2k − p)) .
For b 6= 0 the expressions in the logarithms are positive, and the ar tangent
funtions stay nite, so that there is no danger of rossing a branh ut or
enountering other singularities. Therefore these expressions are safe to be
used in alulating the ar between Minkowski and Eulidean spae.
Again, to subtrat the vauum part, just replae
(
n(k)− 12
)
by n(k).
2.4 Landau pole ambiguity
In the pressure formula (2.2.13) that we intend to integrate, we had two
dierent kinds of ontributions that we alled nb and non-nb. We already
mentioned that the former are safe to be alulated in Minkowski spae: for
large q0 the bosoni distribution funtion suppresses the integrand exponen-
tially by O(exp(−q0/T )), while for large q but moderate q0, the thermal self-
energy has an exponentially small imaginary part ImΠ ∼ exp(−(q− q0)/2T )
as an be seen from the exat result for the imaginary part of the self energy
in Minkowski spae (2.3.26), knowing that the funtions Fi from (2.3.25)
vanish exponentially as their argument inreases. For the non-nb parts in
(2.2.13) the situation is more subtle.
The non-nb parts are not exponentially suppressed for large q0. Also,
in the region where q0 ∼ q, the self-energy funtions are only suppressed by
1/q so that they might ause UV divergenies that should be studied. It is
best to go into Eulidean spae and study the relevant terms of the pressure
funtion (2.2.13). In the limit of small T 2/Q2, the logarithms involved an
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be expanded, giving
2 ln
Q2 +Πvac +ΠT
Q2 +Πvac
+ ln
Q2 +Πvac +ΠL
Q2 +Πvac
=
=
2ΠT +ΠL
Q2 +Πvac
− 2Π
2
T +Π
2
L
2(Q2 +Πvac)2
+ ... (2.4.1)
The funtions ΠT and ΠL an be expanded using (2.2.10) and (2.2.11) and
the expressions for ReΠ˜G(iω,p) (2.3.32) and ReΠ˜H(iω,p) (2.3.33). One an
expand the two funtions in the limit T 2 ≪ Q2 by series expansion of the
expression within the brakets in terms of small k and then performing the
k integration for eah order of k separately. The result is given by [66℄
ReΠ˜G(iω,p)
2g2eff
∣∣∣∣∣
Q≫T
=
7π2
(
3ω2− q2)
45(Q2)2
T 4− 248π
4(5ω4− 10ω2q2+ q4)
315(Q2)4
T 6+O(T 8),
(2.4.2)
ReΠ˜H(iω,p)
2g2eff
∣∣∣∣∣
Q≫T
=
7π2q2
45(Q2)2
T 4 − 248π
4q2(5ω2 − q2)
945(Q2)4
T 6 +O(T 8). (2.4.3)
The integration over the rst term of the series (2.4.1) with the vauum
self-energy from (2.2.9) then gives
1
2
∫
d4Q
(2π)4
2ΠT+ΠL
Q2 +Πvac
≃ 7π
2T 4g2eff
45
∫
d4Q
(2π)4
3ω2− q2
(Q2)3
1
1− g2eff ln(Q2/µ¯2MS)/12π2
.
(2.4.4)
By simple power ounting we see that this integral is potentially logarith-
mily divergent. However, if we perform the angular integral over the 4-
sphere rst, we see that the ontribution
∫
dΩ4(3ω
2 − q2) = 0 vanishes for
any distane |Q|. Sine the rest of (2.4.4) is a funtion of Q2 only, any
regularization or uto whih respets Eulidean invariane will be UV well
behaved. It is important to average over the Eulidean four spheres rst, be-
fore integrating over the radius |Q|. If we rst perform one of the integrations
ω or q rst, and then integrate over the other variable without respeting
Eulidean invariane, we might get spurious logarithmi divergenies. Of
ourse, as long as we hoose the upper integration limits suh that in the
end we integrate over the omplete 4-sphere, nothing should happen (exept
for numerial anellations to beome more demanding). Integrating over a
4-dimensional ylinder in the ω/q spae, or utting out a four-dimensional
ube might bring in potentially logarithmi ontributions for a large uto
Q. But numerially it is easiest to integrate over the surfae of the 4-sphere
for a xed Q, and then integrate over the radius up to the uto.
Introduing a uto might ause gauge xing dependene. For Lorentz
and Coulomb gauges this turns out not to be the ase beause the self-energy
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is gauge invariant as large Nf is basially an Abelian theory up to NLO. By
the very same proedure as above, it an furthermore be shown that the
introdution of an Eulidean invariant uto an be applied safely also to
nite hemial potential.
As in referenes [66, 67℄ we apply a uto and stop the d4Q integration
at Q2 = aΛ2
L
, varying the value of a between 1/4 and 1/2 to estimate the
irreduible ambiguity.
In referene [66℄, the nb terms from equation (2.2.13) were alulated
in Minkowski spae. Terms without nb were omputed along a omplex
frequeny ontour whih ran up the Minkowski axis to ω
max
< Λ
Landau
√
a
for some a < 1, then along the great ar to Eulidean spae, and bak
down to q0 =
√
q2max − q2; nally, a Eulidean integration of the nb free
term was performed over 4-spheres in Eulidean spae up to Q2 < Λ2
Landau
a.
In referene [67℄ a simpler way of alulating the integral was pursued: all
piees linear in nb were alulated in Minkowski spae, and all terms without
nb were alulated in Eulidean spae. By atually performing alulations
in both ways, we had a rather non-trivial numerial hek on the result
whih nally helped to reveal a oding error in the original result published
[67, 66℄. In the numerial implementation both ways turned out to agree
within numerial errors of about 10−5. The term after the vanishing leading
term in equation (2.4.1) is of the order (Π2T+Π
2
L)
2/(Q2+Πvac)
2 ∼ T 8 so that
the ambiguity introdued by the Landau pole is of the order O(T 8/Λ4
Landau
).
2.5 Results and disussion
In Fig. 2.3 we display our exat results
2
for the interation pressure P−P0 ∝
N0f , where the ideal-gas limit
P0 = NNf
(
7π2T 4
180
+
µ2T 2
6
+
µ4
12π2
)
+Ng
π2T 4
45
(2.5.1)
has been subtrated, for the entire µ-T plane (but reasonably below the sale
Landau pole). For this we introdue an angle φ = arctan πTµ and enode the
magnitudes T/Λ
L
and µ/Λ
L
through the running oupling g2eff(µ¯MS) with
µ¯2
MS
= π2T 2 + µ2 aording to (2.2.5).
We found that the ambiguity arising from the presene of a Landau pole
reahes the perent level for g2eff ' 28, where ΛL/
√
π2T 2 + µ2 / 19. At
larger oupling (orresponding to larger T and/or µ), this ambiguity grows
rapidly and will be shown in the two-dimensional plots below by a (tiny) red
area.
In the following we shall ompare the exat large-Nf result with known
results from perturbation theory at high temperature and small hemial
2
Tabulated results are available on-line at http://hep.itp.tuwien.a.at/ipp/data/.
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Figure 2.3: Exat result for the large-Nf interation pressure P − P0 nor-
malized to Ng(π
2T 2+µ2)2 as a funtion of g2eff(µ¯MS) with µ¯
2
MS
= π2T 2+µ2,
whih is the radial oordinate, and φ = arctan πTµ .
potential, where dimensional redution is an eetive organizing priniple,
and with results at zero temperature, where dimensional redution does not
apply. We also investigate to what extent quark number suseptibilities
at vanishing hemial potential determine the behavior at larger hemial
potential.
2.5.1 Comparison to dimensional redution
Dimensional redution is a method of expressing the stati properties of a
(3+1)-dimensional eld theory at high temperature in terms of an eetive
eld theory in 3 spae dimensions [22, 60℄. In the imaginary time formalism,
all nonstati modes involve the temperature sale, so integrating them out
to obtain an eetive eld theory on sales≪ T leaves only the stati modes
with zero Matsubara frequeny. The dimensionally redued theory involves
the olor-eletri sreening sale gT and a dimensionful oupling g2T whih
is also the sale of olor-magneti sreening. The perturbative result for the
thermal pressure of hot gauge theories with fermions has been obtained by
using this approah in referene [62℄ at zero hemial potential to order g5.
The analyti result of dimensional redution through order g5 with omplete
analyti dependene on arbitrary T and µ was alulated by [65℄ and in the
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large Nf limit this redues to
P − P0
Ng
∣∣∣∣
DR
= −
(
5
9
T 4 +
2
π2
µ2T 2 +
µ4
π4
)
g2eff
32
+T
1
12π
m3E +
g4eff
(48π)2
α¯
E3
+O(g6effT
4) (2.5.2)
where the eetive eld theory parameter m2E is given by
m2E
T 2
=
(
1 +
3µ2
π2T 2
)[
g2eff
3
− g
4
eff
(6π)2
(
2 ln
µ¯MS
4πT
− 1− ℵ(z)
)]
+O(g6eff) (2.5.3)
and the oeient of order g4 is analyti in T and µ and given by
α¯
E3
= 12
{
5
9
T 4 +
2
π2
µ2T 2 +
µ4
π4
}
ln
µ¯MS
4πT
+4T 4
{
1
12
+ γ − 16
15
ζ ′(−3)
ζ(−3) −
8
3
ζ ′(−1)
ζ(−1)
}
+
µ2T 2
π2
{
14 + 24γ − 32ζ
′(−1)
ζ(−1)
}
+
µ4
π4
(43 + 36γ)
−96T 4 {3ℵ(3, 1) + 8ℵ(3, z) + 3ℵ(3, 2z) − 2ℵ(1, z)}
+
48iµT 3
π
{ℵ(0, z) − 12ℵ(2, z) − 12ℵ(2, 2z)}
+
96µ2T 2
π2
{4ℵ(1, z) + 3ℵ(1, 2z)} + 144iµ
3T
π3
ℵ(0, z) (2.5.4)
with the denitions from [65℄
z ≡ 1
2
− i µ
2πT
, (2.5.5)
ζ ′(x, y) ≡ ∂xζ(x, y), (2.5.6)
ℵ(n,w) ≡ ζ ′(−n,w) + (−1)n+1ζ ′(−n,w∗), (2.5.7)
ℵ(w) ≡ Ψ(w) + Ψ(w∗). (2.5.8)
Here, n is assumed to be a non-negative integer and w a general omplex
number. ζ is the Riemann zeta funtion and Ψ is the digamma funtion
Ψ(w) ≡ Γ′(w)/Γ(w). Note that despite the appearane of omplex quantities
in (2.5.4) the oeient α¯
E3
is real as it has to be.
For later usage we also present the eetive eld theory parameter of the
oupling from dimensional redution
g2effE = T
[
g2eff +
g4eff
3(2π)2
(
2 ln
µ¯MS
4πT
− ℵ(z)
)]
+O(g6eff ). (2.5.9)
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The expansion of the pressure in terms of small µ/T is given by
P − P0
Ng
∣∣∣
T≫µ
= −
[
5
9
T 4 +
2
π2
µ2T 2 +
1
π4
µ4
]
g2eff
32
+
1
12π
Tm3E +
[(
20
3
T 4 +
24
π2
T 2µ2
)
ln
µ¯
MS
4πT
+
(
1
3
− 88
5
ln 2 + 4γ − 8
3
ζ ′(−3)
ζ(−3) +
16
3
ζ ′(−1)
ζ(−1)
)
T 4
− 26 + 32 ln 2− 24γ
π2
T 2µ2
+
12µ4
π4
[
ln
µ¯
MS
4πT
+γ+C4
]
+ . . .
]
g4eff
(48π)2
+O(g6effT
4), (2.5.10)
where the terms ∝ g4eff and involving µ have been rst obtained by Vuorinen
[71℄. The ontribution to order g5 arises from the NLO orretion to the
eetive-eld-theory parameter m2E, whih at nite µ was rst omputed in
referene [69℄. An alternative way of writing (2.5.3) is given by
m2E
T 2
=
(
1
3
+
µ2
π2T 2
)
g2eff
{
1− g
2
eff
6π2
[
ln
µ¯
MS
e1/2−γπT
+
1
2
D( µ
πT
)
]}
+O(g6eff )
(2.5.11)
with the funtion
D(x) = −2γ − 4 ln 2− 2ReΨ(1
2
(1 + ix)). (2.5.12)
For small x this funtion an be expanded as
D(x) = 4
∞∑
n=1
(−1)n
(
1− 1
22n+1
)
ζ(2n+ 1)x2n , (2.5.13)
with a radius of onvergene of 1, whih orresponds to µ = πT . The
only nonanalyti terms in g2eff to the pressure in the dimensionally redued
eetive eld theory at largeNf stem from the plasmon term ∝ m3E. As an
be seen from the expansion in gure 2.1 of the perturbative QCD pressure,
the logarithms ln(g) do not survive the large Nf limit.
In gure 2.4 we plot the result obtained from dimensional redution by
Vuorinen [65℄ in the large Nf limit. In this plot we hoose a naive renor-
malization sale of µ¯MS =
√
(πT )2 + µ2. By omparison to gure 2.3 we see
that the small oupling range is well reprodued for ouplings g2eff . 9 for
smaller µ/T but deviates onsiderably for larger µ/T . This is partly due to
the hoie of the renormalization sale whih apparently is not the best. The
exat result is independent of the hoie of the initial renormalization sale.
More preisely the sale dependene of the exat result enters only via the
oupling geff (µ¯MS) and results an be easily onverted from one renormal-
ization sale to another by applying the renormalization sale dependene
2.5. RESULTS AND DISCUSSION 31
0
1
4
9
16
0
1 4
9 16
-0.002
-0.001
0
P P
0
N
g
(
2
T
2
+
2
)
2
g
2
e
(T )
g
2
e
()
0
Æ
90
Æ
Abbildung 2.4: Dimensional redution (DR) result of the pressure (PDR −
P0)/(Ng(π
2T 2 + µ2)2) in the large Nf limit in the same range as in gure
2.3. The renormalization sale is hosen as µ¯MS =
√
(πT )2 + µ2 for πT =
µ¯MS sinφ and µ = µ¯MS cosφ.
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relation (2.2.4). In the perturbative result this holds true only up to the
order of perturbative auray. Numerially, due to trunation to a ertain
order in the oupling, the pressure not only depends on the renormalization
sale indiretly via the oupling geff(µ¯MS), but also diretly, sine higher
order ontributions that would x the renormalization sale dependene are
not taken into aount. The result will therefore in general dier whether we
started from a renormalization sale µ¯1 and resaled the resulting pressure
aording to (2.2.4) to a renormalization sale µ¯1 → µ¯2, or if we diretly
alulated the perturbative result with the latter renormalization sale µ¯2.
Therefore, for perturbative results there is this additional question of whih
renormalization sale to hoose.
A possible optimization is provided by the FAC (fastest apparent onver-
gene) sale, whih is derived by demanding that the eetive-eld-theory
parameter m2E from (2.5.11) vanishes to order g
4
eff and all higher orders. This
means solving ln µ¯MS
e1/2−γπT
+ 12D( µπT ) so that we obtain
µ¯MS(FAC-m) = πT exp
[
1
2
− γE − 1
2
D( µ
πT
)
]
. (2.5.14)
For µ = 0 this expression redues to µ¯MS(FAC-m) = πTe
1
2
−γE
while for
T = 0 it is given by µ¯MS(FAC-m) = 2µe
1
2
.
In gure 2.5 we see the dierene between the pressure obtained from
dimensional redution to the exat large Nf result for this FAC-m renor-
malization sale [88℄. As in the three-dimensional plots we vary temperature
T and hemial potential µ depending on the angle φ = arctan πTµ . The
result is given for values of the oupling 0 ≤ g2eff ≤ 24 where the ambigu-
ity introdued by the Landau pole is negligible numerially. In the plot we
resaled the dimensionally redued pressure by the exat renormalization
sale dependene (2.2.4) to the sale µ¯MS =
√
(πT )2 + µ2 to allow for uni-
ed omparison. The lines enlose those areas where the dierene is less
than ±10−5, ±10−4, or ±10−3 in units of the normalized pressure. 10−3 is
about the size of the NLO results, and thus marks the breakdown of the
agreement between the two approahes (100% deviation). Notie that there
is always a fator 10 of inrease of the inauray between neighboring lines
of the ontour plot. We have very good agreement for g2eff . 7, but this
value slowly dereases as the ratio µ/T is inreased. Only for small angles
φ . 20◦ the behavior hanges onsiderably and the ranges of good agreement
shrink faster with dereasing µ/T . For the FAC-m sale dimensional redu-
tion gives lower values of pressure than the exat large Nf result for φ & 25
◦
and higher preditions for smaller µ/T . In between there is a transition from
negative to positive dierenes whih of ourse is of no real relevane to the
error ranges in the plot.
Another natural hoie for sale might be to apply FAC to g2E . This
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Abbildung 2.5: Dierene between the pressure obtained from dimensional
redution to the exat large Nf result for the FAC (fastest apparent onver-
gene) renormalization sale µ¯MS(FAC-m) = πT exp(
1
2 − γE − 12D( µπT )) for
dierent values of φ = arctan πTµ and g
2
eff , normalized to Ng(π
2T 2 + µ2)2.
The result of the dimensionally redued pressure is resaled by the exat
renormalization sale dependene (2.2.4) to the sale µ¯MS =
√
(πT )2 + µ2
to allow for unied omparison.
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Abbildung 2.6: Same as gure 2.5 exept that the sale is now FAC-g instead
of FAC-m, that is applying fastest apparent onvergene to g2E . Contrary to
the FAC-m sale, the error is now always positive, meaning that dimensional
redution at this renormalization sale always overestimates the exat result.
Apart from that the error of the FAC-g sale is omparable to the one of the
FAC-m sale.
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produes in the Nf →∞ limit
µ¯MS(FAC-g) = πT exp
[
−γE − 1
2
D( µ
πT
)
]
(2.5.15)
whih uriously is just a fator 1/
√
e smaller than the FAC-m sale but shows
otherwise exatly the same funtional dependene on µ and T .
Figure 2.6 shows the dierene of the pressures now for the FAC-g sale.
It is onspiuous that this time there is no sign hange in the plot. Indeed,
ontrary to what we saw in gure 2.5 for the FAC-m sale, the dierene
between PDR and Pexact = PNLO is now always positive, meaning that di-
mensional redution at this renormalization sale always overestimates the
exat result. But apart from that, the absolute value of the errors of the
FAC-g sale plot is omparable to the one of the FAC-m sale. One should
not be irritated by the horizontal line in gure 2.5 at φ ≈ 25◦ where the
range of small error is extended to larger values of the oupling g2eff : This
merely indiates the hange of sign of the error.
Having suh good agreement for a wide range of φ and g2eff , it seems
tempting to try to improve the result by averaging over the two sales: Tak-
ing the arithmeti mean of the two sales FAC-m and FAC-g we obtain a sale
that is a fator (1 + 1/
√
e)/2 ≈ 0.803265.. smaller than the FAC-m sale.
Remember that the FAC-m and FAC-g sale are diretly proportional to
eah other with µ¯MS(FAC-g) = µ¯MS(FAC-m)/
√
e ≈ 0.606531µ¯MS(FAC-m)
so that the arithmeti mean sale is also proportional to them.
Figure 2.7 shows the remarkable agreement that follows from this hoie
of sale: The thermal pressure of dimensional redution agrees to the exat
large Nf result for φ & 65
◦
over the whole range of ouplings. If we look at
smaller ouplings g2eff . 10, the two results agree perfetly down to φ & 35
◦
.
Only below φ . 30◦ the spreading of errors does not dier muh from that of
the sales FAC-m and FAC-g separately. One should note however, that this
might be a mere oinidene in the large Nf limit and that no real onlusion
an be inferred from this result for nite, smaller Nf . After all, for nite Nf
FAC-m and FAC-g are not neessarily proportional to eah other (exept for
µ = 0 where both are simply proportional to the temperature T ).
2.5.2 Pressure at zero hemial potential
At zero hemial potential we shall study in more detail the onvergene
properties and renormalization sale dependenes of perturbation theory on
the one hand, and the Landau pole ambiguity of our large Nf result on the
other hand. In gure 2.8 we give the numerial result of the thermal pressure
as a funtion of g2
e
(µ¯ = πe−γET ). The perturbative results depend on the
value of the renormalization point µ¯, whih we vary between πT and 4πT .
In order to ompare the dierent perturbative results with the exat large
Nf result, we use the exat running oupling (2.2.4) to resale everything
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Abbildung 2.7: Same as gures 2.5 and 2.6 exept that the sale is now
hosen as the arithmeti mean of the two sales FAC-m and FAC-g. We see
remarkable agreement for φ & 65◦ over the whole range of ouplings down
to φ & 35◦ for g2eff . 10. Below φ . 30
◦
the spreading of errors does not
dier muh from that of the sales FAC-m and FAC-g separately.
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Figure 2.8: Exat result for PNLO/Pfree as a funtion of g
2
e
(µ¯ = πe−γET ),
rendered with an absissa linear in g
e
, in omparison with the perturbative
results through order g4 and g5 with a renormalization point hosen within a
power of 2 of 2πT . The line marked FAC-m orresponds to µ¯ = πe
1
2
−γET
where the perturbative result to order g4 oinides with the one to order
g5. The line marked FAC-g orresponds to the renormalization point µ¯ =
πe−γET and shows the result through order g5.
to µ¯ = πe−γET . We see that the perturbative result through order g5 gives
reliable results only for eetive ouplings g2eff . 4. If the perturbative result
to order g5 is optimized by fastest apparent onvergene of m2E (FAC-m)
from equation (2.5.14) whih for µ = 0 means the sale µ¯ = πe
1
2
−γET , the
agreement with perturbation theory is improved and extends to g2
e
≈ 7.
Figure 2.8 shows for omparison also the FAC-g sale.
Figure 2.9 shows the same thermal pressure as gure 2.8, but with the
perturbative results varied between µ/e and µe where µ = πe−γET whih is
in fat the FAC-g sale. The entral line of the g5 result is just the FAC-g
line from the previous plot. The entral line of the g4 result also orresponds
to the FAC-g sale. Dierent from the FAC-m sale, the FAC-g sale stays
not the same from order g4 to order g5, but instead hanges notieably.
Remember that the FAC-m sale was just hosen suh that the g4 and the g5
results lie on top of eah other. Figure 2.9 also inludes the arithmeti mean
of the two FAC sales whih is
1
2(FAC-m+FAC-g) =
1
2(1 + 1/
√
e)FAC-m =
1
2(
√
e+1)FAC-g. It turns out that this line is almost indistinguishable from
the exat result. Only for larger values of g2eff an one see a tiny deviation
from the exat result.
The exat large Nf result attens out for higher values of g
2
e
and reahes
a minimum at g2
e
≈ 12. For this oupling, Λ
Landau
≃ 480T and the ambigu-
ity introdued by the Landau singularity is ompletely negligible. For still
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Figure 2.9: Same as gure 2.8 only with renormalization point hosen within
a power of e of µ = πe−γET . The FAC-g result is not expliitly marked, but
oinides with the sale hoie of µ in this plot. Therefore the entral line
of the g5 result shows the FAC-g up to order g5, and the entral line of
the g4 result shows the FAC-g result up to order g4. Note that unlike the
FAC-m result, the FAC-g result diers onsiderably from order g4 to order
g5. Plotted in this graph is also the arithmeti mean of the two FAC sales
as desribed in the text. This line is almost indistinguishable from the exat
result.
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Figure 2.11: Exat result for the interation pressure at zero hemial po-
tential as in referenes [66, 67℄ but as a funtion of g2eff(µ¯MS = πT ) or, al-
ternatively, log10(ΛL/πT ). The dashed line is the perturbative result when
the latter is evaluated with renormalization sale µ¯
MS
= µ¯
FAC
≡ πe1/2−γT ;
the dash-dotted lines inlude the numerially determined oeient to or-
der g6eff (with its estimated error) at the same renormalization sale. The
result marked g5eff = g
6
eff  orresponds to hoosing µ¯MS suh that the order-
g6eff oeient vanishes and retaining all higher-order terms ontained in the
plasmon term ∝ m3E. In this and the following plots the (tiny) red band
appearing around the exat result at large oupling displays the eet of
varying the ut-o from 50% to 70% of the Landau sale Λ
L
.
higher values the pressure rises and starts to exeed the free theory pressure
at g2
e
> 28, as an be seen in gure 2.10. This ours at a oupling for whih
Λ
Landau
/T < 34. While this still seems to be a reasonably large number, the
numerial result starts to beome sensitive to the uto just where the pres-
sure approahes the free one. The four urves displayed in gure 2.10 show
the result of varying the parameter a in the UV uto
√
aΛ
Landau
in the
Minkowski and Eulidean parts of the alulation (aM and aE respetively)
from a = 1/4 to a = 1/2. The numerial result is rather insensitive to this
below g2
e
≈ 25, but very sensitive in the region where the pressure starts to
exeed the free one.
In gure 2.11 we show the pressure at µ = 0 and ompare with even higher
orders of perturbation theory. Here the result is presented as a funtion
of g2eff (µ¯MS = πT ) and not divided by the free NLO ontribution from the
pressure, but with the ideal-gas limit from equation (2.5.1) subtrated. In the
plots we also give the orresponding values of the Landau pole log10(ΛL/πT )
to dierent values of the eetive oupling g2eff . This plot also ontains the
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result up to g6eff whih is not known analytially yet, but obtained from
our numerial results at small oupling. For small oupling the agreement
of our numerial results with perturbation theory is suiently aurate so
that we an numerially extrat oeients to this order as follows: From
the pressure in dimensional redution (2.5.10) we an infer by applying the
exat running oupling of large Nf (2.2.4) that the g
6
eff -term in the pressure
at µ = 0 has the form
1
Ng
P
∣∣∣
g6
eff
,µ=0
=
(geff
4π
)6
T 4
[
C6 + 10 ln
2 µ¯MS
πT
(2.5.16)
− 16π
2
81
(
1 + 12γ − 464 ln 2
5
− 8ζ
′(−3)
ζ(−3) + 16
ζ ′(−1)
ζ(−1)
)
ln
µ¯
MS
πT
]
.
Notie the appearane of the (as yet) unknown onstant C6. For small values
of g2eff , perturbation theory is expeted to give exellent agreement with the
exat result, so that we an atually use our (numerially obtained) exat
result to determine unknown oeients in the perturbative series. By least-
square tting we obtain numerially the estimate C6 = +20(2).
In real, nite-Nf QCD this result orresponds to the N
3
f g
6T 4 oeient
of the pressure. As we saw in gure 2.1,the purely gluoni ontribution
∝ N0f g6T 4 of the same oupling order g6 is ompletely nonperturbative.
In the gures 2.8 and 2.9 the agreement between exat result and per-
turbative result up to order g5eff was limited to a range of about g
2
eff . 9. In
gure 2.11 we show the improved result that remains aurate up to g2eff ∼ 16
by inluding our numerial estimate of the g6eff -oeient and using µ¯FAC.
The agreement with the exat result an even be further improved by xing
the renormalization point suh that the g6eff oeient vanishes and keeping
all orders of the odd terms in geff by leaving the plasmon term ∝ m3E unex-
panded in g2eff . The result of this proedure is indiated by the gray area in
gure 2.11. Obviously the result now gets very lose to the exat result. Of
ourse, this proedure does by no means guarantee that an analogous sheme
for real QCD with nite Nf will produe similarly onvining results, but
we an take it as another indiation of the observation that keeping the pa-
rameters of the dimensionally redued theory unexpanded an improve the
onvergene of thermal perturbation theory [89℄.
Figure 2.12 shows a omparison of the Φ-derivable 2-loop result in the
HTL approximation (full lines) and in the next-to-leading approximation
(full lines ending in dashed lines) as performed by Rebhan [84℄. In the
Φ-derivable approah of referene [46℄, a fermioni gap equation had been
assumed that turned out not to be ompatible with the limit of large Nf . As
is shown in [84℄, the originally quadrati gap equation for the fermions does
not omply with the Casimir saling in the large Nf limit whih would favor
a linear dependene on the asymptoti mass M¯∞. The new gap equation
(16) in referene [84℄ reprodues qualitatively the nonmonotoni behavior in
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Abbildung 2.12: Comparison (taken from referene [84℄) of the Φ-derivable
2-loop result in the HTL approximation (full lines) and in the next-to-leading
approximation (full lines ending in dashed lines), for µ¯ = T and 4πT , and the
exat result for the pressure in the limit of large Nf . The gray lines denote
the next-to-leading approximation with quadrati fermioni gap equation
onsidered in referene [46℄, but whih Rebhan argues in referene [84℄ needs
to be replaed by equation (16) therein. The Debye mass appearing on
the lower axis of the plot is related to the eetive oupling via mˆD/T ≡
geff(µDR)/
√
3.
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Abbildung 2.13: Comparison (taken from referene [90℄) of the NLO HTLpt
predition for the O(N0f ) ontribution to the free energy, the exat numerial
in the large Nf limit, and the perturbative predition aurate to g
5
as a
funtion of geff (µDR) =
√
sfg(µDR) = 2π
√
sfαs(µDR) where µDR = πe
−γT .
Dots indiate the point at whih there is no longer a real-valued solution to
the gap equation for mD. The renormalization sale µ is varied by a fator
of e around µDR and the perturbative g
5
result is evaluated at the entral
sale.
g2eff of the exat result. By a urious oinidene, for N = 3 and Nf = 3
the revised gap equation has exatly the same solutions as the unoupled
quadrati gap equations that have been previously in use. Only for Nf > 3
there exists a oupling where the fermioni mass eases to grow monotonily
with g. Beause of this oinidene, the numerial hanges in the previous
results of [46℄ are almost ompletely negligible.
Figures 2.13 and 2.14 show the HTLpt (Hard Thermal Loop - perturba-
tion theory) omparison to the large Nf limit by Andersen et al. [90℄. The
plots show the NLO HTLpt predition for the O(N0f ) ontribution to the
free energy, the perturbative predition aurate to g5, and the exat result
up to NLO in the large Nf limit. It should be noted, however, that both the
HTLpt and the 2-loop Φ-derivable results are perturbatively aurate only
up to and inluding order g3eff , where the perturbative result is rather ill-
behaved. As notied in [90℄, the HTLpt preditions for both the free energy
and the Debye mass (whih was also disussed in [90℄) seemed to diverge
from the exat result around geff ∼ 2 regardless of the sale that was hosen;
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Abbildung 2.14: Same as gure 2.13 only with the renormalization sale µ
varied by a fator of 2 around 2πT . The perturbative g5 result is again
evaluated at the entral sale. [90℄
however, for both quantities, hoosing the sale to be µ = µDR = πe
−γT
seemed to reasonably reprodue the exat results. The authors of [90℄ on-
luded that their result is omparable to the performane of the Φ-derivable
approah in the large Nf limit in gure 2.12.
2.5.3 Quark number suseptibilities
Linear quark number suseptibility
The (linear) quark number suseptibility is dened as the rst derivate of
the quark number density N ≡ N/V with respet to hemial potential (see
also appendix C.2),
χ =
∂N
∂µ
=
∂2P
∂µ2
. (2.5.17)
Figure 2.15 displays the exat large-Nf result for the interation part of χ
at zero hemial potential as a funtion of geff (or alternatively log10(ΛL/πT )).
Similar to the thermal pressure, the result is nonmonotoni, but the mini-
mum already ours at g2eff (πT ) ≈ 8.6, and the free-theory value is reovered
at g2eff(πT ) ≈ 22.5, where the Landau ambiguity is still well under ontrol
sine Λ
L
/T ≈ 100 at that oupling.
The perturbative (dimensional redution) result an be read from the
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Figure 2.15: The interation part of the quark number suseptibility at µ = 0
ompared with strit perturbation theory to order g5eff and g
6
eff , respetively,
with renormalization sale varied about πT by a fator of 2.
linear term in µ2 of (2.5.10) and gives
χ− χ0
NgT 2
= 2
∂
∂(µ2)
P − P0
Ng
∣∣∣
µ=0
= − g
2
eff
8π2
+
g3eff
4π3
√
3
+
g4eff
48π4
[
ln
µ¯
MS
4πe−γT
− 13
12
− 4
3
ln 2
]
+
g5eff
16π5
√
3
[
− ln µ¯MS
e1/2−γπT
+
7
18
ζ(3)
]
. (2.5.18)
The oeient of g4eff has only reently been obtained in [71℄ in a three-loop
alulation. We an onrm its losed-form value by a numerial t, whih
gives agreement with an auray of 2× 10−4, thus providing a good hek
on both our numeris and the analytial alulations of [71℄. This level of
auray allows us to also extrat the order-g6 term as (for µ
MS
= πT )
χ|g6
eff
NgT 2
= −4.55(9) ×
(geff
4π
)6
. (2.5.19)
In Fig. 2.15 we show the perturbative results to order g5eff and g
6
eff , vary-
ing the renormalization sale about πT by a fator of 2 (now without the
improvement of keeping eetive-theory parameters unexpanded). The value
µ¯
MS
= πT is in fat lose to µ¯
FAC
where it makes no dierene whether m2E
is kept unexpanded or not. We nd that the quality of the perturbative
result for the suseptibility is omparable to that observed in the pressure,
with µ¯
MS
= πT being lose to the optimal hoie.
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Figure 2.16: The interation part of the higher-order quark number susep-
tibility ∂2µ(χ − χ0) at µ = 0 ompared with strit perturbation theory to
order g5eff and g
6
eff , respetively, with renormalization sale varied about πT
by a fator of 2. The oloured bands of the g6eff -results over the estimated
error of the numerially extrated perturbative oeients.
Higher-order quark suseptibility
We also omputed expliitly the higher-order suseptibility ∂4P/∂µ4|µ=0
(whih has been investigated in lattie QCD with Nf = 2 in referene [79℄).
Our exat result in the large-Nf limit is shown in gure 2.16. In this
quantity, we nd that the nonmonotoni behavior observed above in the
pressure and the linear suseptibility is muh more pronouned. The min-
imum now ours at g2eff ≈ 3.7, where perturbation theory is still in good
shape, and the free-theory value is exeeded for g2eff ' 9. Using (2.5.10) we
nd to order g5
∂2
∂µ2
χ− χ0
Ng
∣∣∣
µ=0
=
∂4
∂µ4
P − P0
Ng
∣∣∣
µ=0
= 12
∂2
(∂µ2)2
P − P0
Ng
∣∣∣
µ=0
(2.5.20)
= −3g
2
eff
4π4
+
3
√
3g3eff
4π5
+
g4eff
8π6
[
ln
µ¯
MS
4πT
+ γ + C4
]
+
3
√
3g5eff
16π7
[
− ln µ¯MS
e1/2−γπT
+
7
3
ζ(3)− 31
54
ζ(5)
]
+O(g6eff).
In the original publiation of these results [68℄ the oeient appearing at
order g4eff has been numerially extrated as C4 = −7.02(3). In the meantime,
the omplete µ dependene of the dimensional redution result to order g4eff
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has been worked out in referene [65℄ from where one an obtain the exat
result
C4 = − 1
12
− 12 ln 2 + 7
6
ζ(3) = −6.9986997796998 . . . (2.5.21)
The omplete agreement with referene [65℄ provided on the one hand an
independent hek on the orretness of the 3-loop alulations of [65℄ and
on the other hand a hek on the auray of our numerial analysis.
Using (2.5.21) we an extrat the term of order g6eff in equation (2.5.20)
as −39(1)g6eff/(128π8) for µ¯ = πT . The perturbative results to order g5eff and
to order g6eff are ompared with the exat result in gure 2.16. This shows
that the auray of the perturbative result again improves by going from
order g5eff to order g
6
eff , but the renormalization sale dependene inreases
sharply at large oupling.
Pressure at larger hemial potential from suseptibilities
With regard to the attempts to explore QCD at nite hemial potential by
means of lattie gauge theory [75, 76, 77, 78℄, it is of interest how well the
pressure at larger hemial potential an be approximated by the rst few
terms of a Taylor series in µ2.
In referene [75℄ it has been observed that the ratio of ∆P = P (T, µ)−
P (T, µ = 0) over the orresponding free-theory quantity ∆P0 is pratially
independent of µ for the range of hemial potentials explored. This is
also realized when quasi-partile models are used for a phenomenologial
extrapolation of lattie data [91, 92℄ in a method introdued by Peshier
et al. [83℄. In gure 2.17 we show the deviation from this saling at
higher values of µ/T by onsidering the quantity δP = P (T, µ)− P (T, 0)−
1
2χ|µ=0(µ2 + µ4/(2π2T 2)) divided by P freeNLO = Ngπ2T 4/45. The ombination
(µ2 + µ4/(2π2T 2)) appearing therein is suh that a replaement of P and
χ by their interation-free values P0 and χ0 makes δP vanish identially.
(As an be seen from the above perturbative results, δP also vanishes for
the leading-order interation parts ∝ g2eff .) In the exat large-Nf results of
gure 2.17 we observe that for oupling g2eff . 4 the deviation δP is at most
a few perent of P free
NLO
for µ/T . π, but it rapidly grows for µ/T & π. This
is in fat also niely illustrated by the 3-dimensional plot of the pressure in
gure 2.3, whih has a rather onspiuous kink at φ = 45◦ orresponding to
µ = πT .
It turns out that inluding the exat higher-order suseptibility at µ = 0
does not lead to a better approximation of the pressure at larger hemial
potential. The dashed lines in Fig. 2.17 orrespond to δP = P (T, µ) −
P (T, 0) − µ22 χ|µ=0 − µ
4
4!
∂4P
∂µ4
|µ=0. While this slightly improves matters at
small µ/T , it results into even quiker deviations for larger µ/T .
It is of ourse impossible to say whether this behavior would also appear
in real QCD, but sine it ours already at omparatively small geff in the
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Figure 2.17: Deviation from the saling observed in Ref. [75℄ in lattie QCD
for small hemial potential in the quantity δP = P (T, µ) − P (T, 0) −
1
2χ|µ=0(µ2 + µ4/(2π2T 2)) (full lines) and in δP = P (T, µ) − P (T, 0) −
µ2
2 χ|µ=0− µ
4
4!
∂4P
∂µ4
|µ=0 (dashed lines), both normalized to P free
NLO
= Ngπ
2T 4/45,
for g2eff(πT ) = 1, 4, 9, 16.
large-Nf limit, where the peuliar nonmonotoni behavior of the pressure as a
funtion of geff does not yet arise (the minimum in the normalized interation
pressure ours at g2eff (πT ) ≈ 14), it may be taken as an indiation that
extrapolations of lattie data on the equation of state from small hemial
potential to large µ/T are generally problemati. If anything, real QCD
should be more ompliated beause of the existene of phase transitions
whih are absent at NLO in the large-Nf limit.
2.5.4 Pressure at zero temperature
Our exat result for the thermal pressure at zero temperature and nite
hemial potential is given in gure 2.18 as a funtion of g2eff(µ¯MS = µ). In
ontrast to the pressure at zero hemial potential and nite temperature,
the interation pressure divided by µ4 is monotonially dereasing essentially
all the way up to the point where the Landau ambiguity beomes notieable.
The thermal pressure at zero temperature and large hemial potential
for QED and QCD has been obtained to order g4 long ago by Freedman and
MLerran [72, 73℄. At this order, there is a non-analyti zero-temperature
plasmon term ∝ g4 ln(g), whose prefator is known exatly, but the onstant
under the logarithm only numerially. The transposition of their result,
whih has been obtained in a partiular momentum-subtration sheme, to
the gauge-independent MS sheme an be found in referenes [46, 93℄. The
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Figure 2.18: The interation part of the pressure at zero temperature and
nite hemial potential as a funtion of g2eff(µ¯MS = µ) or, alternatively,
log10(ΛL/µ), ompared with the perturbative result of Freedman and MLer-
ran [72, 73℄ to order g4eff , and our numerially extrated order-g
6
eff result, both
with renormalization sale in the perturbative results varied around µ¯
MS
= µ
by a fator of 2. The oloured bands of the g6eff -results over the error of the
numerially extrated perturbative oeients.
large-Nf limit of this result reads
P − P0
Ng µ4
∣∣∣
T=0
= − g
2
eff
32π4
−
[
ln
g2eff
2π2
− 2
3
ln
µ¯
MS
µ
− C˜4
]
g4eff
128π6
+O(g6eff ln geff)
(2.5.22)
and involves one of the numerial onstants omputed in referene [72℄,
C˜4 =
79
18
− π
2
3
− 7 log(2)
3
− 2 b
3
≈ 0.536, (2.5.23)
where b has an integral representation, given in equation (II.3.25)3 of ref-
erene [72℄, that apparently annot be evaluated in losed form. With bet-
ter omputer equipment, b an however be evaluated numerially to higher
auray than that given in [72℄ as b = −1.581231511 . . ., whih leads to
C˜4 = 0.5358316747 . . . .
The auray of our numerial results is suiently high to onrm the
orretness of the result for C˜4 with an auray of ∼ 2 × 10−4. With the
knowledge of the exat value of C˜4 we an also extrat, with lower preision,
3
Note that there is a typo in the equation mentioned: Comparison with equation
(II.3.24) shows that there is a missing exponent 2 after the seond set of large round
parenthesis in equation (II.3.25) of [72℄ as pointed out by [68℄.
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the next oeients at order g6eff , whih again involve a logarithmi term:
P − P0
Ng µ4
∣∣∣
T=0
= − g
2
eff
32π4
−
[
ln
g2eff
2π2
− 2
3
ln
µ¯
MS
µ
− C˜4
]
g4eff
128π6
(2.5.24)
−
[(
3.18(5) − 16
3
ln
µ¯
MS
µ
)
ln
g2eff
2π2
+
16
9
ln2
µ¯
MS
µ
+
16
3
(
C˜4 − 1
2
)
ln
µ¯
MS
µ
− 3.4(3)
]
g6eff
2048π8
+ . . .
In gure 2.18 we also study the renormalization sale dependene and
apparent onvergene of the perturbative result. We have varied µ¯
MS
about
µ by a fator of 2, and it emerges that the larger values are somewhat favored.
At low temperature T ≪ µ, dimensional redution does not our. If one
nevertheless onsiders the eetive-eld-theory parameter m2E of (2.5.11) in
this limit, one nds that the funtion D(x) therein approahes −2 (ln 2x+γ),
so that the T → 0 limit of m2E exists and reads
m2E → µ2
g2eff
π2
{
1− g
2
eff
6π2
[
ln
µ¯
MS
2µ
− 1
2
]}
+O(g6eff ). (2.5.25)
Fastest apparent onvergene applied to this quantity would suggest µ¯
MS
=
2e
1
2µ ≈ 3.3µ. This turns out to be not as good as the hoie of 2µ, though
slightly better than µ¯
MS
= µ.
The region of low temperature T ≪ µ might be readily explored in the
large Nf limit, where it gives rise to anomalous ontributions of the pressure
in the ontext of non-Fermi liquid. We will study this region in the next
hapter.
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Kapitel 3
Non-Fermi Liquid
3.1 Introdution
3.1.1 From ideal gas to non-Fermi liquid
What is a non-Fermi liquid? The straightforward answer is to start from the
ideal gas and extend the model layer by layer: The ideal gas is a statistial
desription of non-interating point-like partiles. If we go to low temper-
atures, we annot neglet quantum mehanis and we have the hoie of
desribing either bosons, whih leads to the Bose-gas and to Bose-Einstein
ondensation at very low temperatures, or fermions, alled (ideal) Fermi
gas. Still, the Fermi gas is an aumulation of non-interating fermions. If
we turn on short-range interation we get to the desription of a (Landau-)
Fermi-liquid. Thermodynami quantities will mostly show the same order
of dependene on the temperature T as in a Fermi gas, but their magnitude
might hange drastially. Finally, if the interations we introdue hange the
dependene on T qualitatively, whih is the ase for long-range quasi-stati
interations, the system annot be desribed by the quasi-partile piture of
the Landau-Fermi-liquid theory, and is therefore alled a non-Fermi-liquid.
Thus, a non-Fermi liquid is a old gas/liquid of fermions with long-range in-
terations that hange the behavior of a Landau-Fermi liquid qualitatively.
The ideal gas of not too dense, not too old, and non-interating (a-
tually only interating by elasti impat for thermalization) partiles obeys
the ideal gas law pV = NkBT . While simple and universal, this law is not
suient to alulate all thermodynami quantities like energy or entropy of
the system. To alulate the energy for a xed number of partiles E(S, V ),
we need an additional quantity, for example the spei heat CV ≡ T
(
∂S
∂T
)
V
,
whih depends on the inner degrees of the ideal gas. Eah degree of freedom
in every partile of a system will ontain the same energy on average so that
the spei heat is given by
CV (T ) =
f
2
NkB (ideal gas) (3.1.1)
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for f degrees of freedom per partile and the Boltzmann onstant kB . For
pointlike partiles in three dimensions f = 3, for moleules of two atoms
for example there is one additional degree of freedom for rotation and one
for the hange of bond length so that f = 5. The spei heat is an ex-
tensive quantity, but we an divide by the volume CV ≡ CV /V = f2nkB
whih now depends on the partile density n ≡ N/V . Note that the spei
heat for an ideal gas is independent of temperature. The entropy of the
system an be alulated for example by integrating
(
∂S
∂T
)
V
= CV /T and the
Maxwell relation
(
∂S
∂V
)
T
=
(
∂p
∂T
)
V
= NkB/V whih for the ideal gas gives
S(T, V ) = CV ln(T/T0) +NkB ln(V/V0) + S(T0, V0). Statistial distribution
of quantities like the mean veloity is given by the Maxwell-Boltzmann dis-
tribution funtion, whih is not valid anymore for small temperatures where
quantum mehanis starts to play a role. Here we have to use Bose-Einstein
statistis for bosons or Fermi-Dira statistis for fermions.
The ideal Fermi gas is a desription of old, non-interating fermions
[94, 95℄. Examples inlude eletrons in metals and semiondutors (when
the Coulomb interation between them is negleted), as well as neutrons
in a neutron star (again when negleting the interation). Fermions obey
the Pauli priniple: no two fermions with the same quantum numbers an
be in the same energy state. As a onsequene, fermions will ll up the
Fermi sphere in momentum spae - if one possible momentum is oupied
by a fermion, the next fermion has to go to the next higher momentum. (If
they dier by a quantum number, e.g. the spin, then they might oupy
the same energy level.) The partile density orresponding to a ompletely
lled Fermi sphere of radius pF in momentum spae for a spin 1/2 fermion
gas is given by n = N/V = p3F /(3π
2
~
3) at zero temperature. The number-
density distribution for T = 0 is a step-funtion: 1 for energy states below
the Fermi energy, and 0 for energy states above. For non-zero temperature,
the number-density distribution is given by the Fermi-Dira distribution n =
(e(ǫ−µ)/(kBT ) + 1)−1, where the hemial potential is just the energy on the
Fermi surfae at zero temperature µ|T=0 = εF ≡ ε(pF ). The spei heat
an be alulated from the energy hange due to the Fermi-Dira distribution
at non-zero temperature. It is given by
CV (T ) ≈ π
2
3
k2BD(ǫF )T +O(T
3) (ideal Fermi gas)
= V
mpF
3~3
k2BT +O(T
3)
=
π2
2
NkB
T
TF
+O(T 3) (3.1.2)
with a density of states fator D(ǫ) =
√
2
π2
V (m/~2)3/2ǫ1/2 and the Fermi
energy ǫF =
~
2
2m (3π
2N/V )2/3 = pF /(2m) = kBTF . We see that the spei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heat of the ideal Fermi gas grows linearly in T for small temperatures. This
is in ontrast to the spei heat of an ideal gas (3.1.1) that is independent
of temperature. Another striking dierene to the ideal gas is the pressure:
Sine the fermions ll up the Fermi sphere, only a small fration of fermions
an be in the ground state. As a onsequene, the pressure of a Fermi gas
is nonzero even at zero temperature. This is in ontrast to the pressure of
an ideal gas that would be zero (pV = NkBT ). This so-alled degeneray
pressure stabilizes a neutron star (Fermi gas of neutrons) or a White Dwarf
star (Fermi gas of eletrons) against the inward pull of gravity.
If we inlude (short-range) interations between the fermions, we all
the system a Fermi liquid. A desription of Fermi liquid was rst given in
1956 by Landau [96, 97℄ and is thus ommonly dubbed Landau-Fermi-liquid
theory. It an be applied to liquid
3
2He (whih ontains 2 protons, 1 neu-
tron and 2 eletrons - an odd number of fermions per atom - suh that the
atom itself is a fermion
1
), as well as to the eletrons in a normal metal.
Landau-Fermi-liquid theory is qualitatively very similar to the theory of an
ideal Fermi gas in whih quasi-partiles take the role of the non-interating
partiles of the Fermi gas. Quasi-partiles are olletive exitations of the
marosopi system with ertain energy ǫ and momentum p. The properties
of quasipartiles are mainly haraterized by the dispersion relation ǫ(p).
Quasi-partiles might have nite lifetime whih gets suiently long in the
viinity of the Fermi surfae to allow for a desription similar to the par-
tiles in a Fermi gas. Stritly speaking, only ertain kinds of interation
lead to the Landau-Fermi liquid, for example quasi-partiles should still be
fermions. (If there are attrative fores that favor a pairing of the fermions
into bosons, the desription of the Landau-Fermi-liquid is not appliable
anymore.) Sine the quasi-partiles are fermions, they also ll up the Fermi
sphere in momentum spae. Quasi-partiles always have a spin 1/2 spe-
trum. If the underlying partiles had spins dierent from 1/2, this would
lead to a degeneray of the energies of the quasi-partiles so that eah branh
orresponds to a spin 1/2 quasipartile. The veloity of a quasipartile is
dened as vF = (∂ǫ/∂p)|p=pF . In the non-relativisti ase one an introdue
the eetive mass of the quasipartile as m∗ = pF/vF . With this denition,
the spei heat an be derived as
CV (T ) ≈ V m
∗pF
3~3
k2BT +O(T
3 lnT ). (Landau-Fermi liquid) (3.1.3)
The only dierene to the formula (3.1.2) in the leading order ontribution
is that the partile mass m is replaed by the eetive mass m∗ of the
1
Note that liquid
4
2He with an even number of fermions per atom forms a boson gas and
is a superuid below 2.17 K. At this temperature,
3
2He behaves like a Landau-Fermi liquid.
Only at muh smaller temperatures, around 2.7 mK, two atoms of
3
2He align themselves
to give an overall spin s = 1 and angular momentum l = 1 and also form a superuid.
This eet was found in 1971 by Oshero, Lee, and Rihardson who in 1996 reeived the
Nobel prize for their work.
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quasi-partile. We still have the same linear dependene on temperature
2
[98℄. Note also that the next order ontribution hanges from O(T 3) for
the Fermi gas to O(T 3 lnT ) for the Landau-Fermi liquid [99℄. Not only the
spei heat, but also other thermodynami quantities like ompressibility
or spin-suseptibility show the same qualitative temperature dependene as
in the Fermi gas, but might have dierent oeients. The lassial Landau
Fermi liquid theory was extended to relativisti Fermi systems, enabling the
study of high density matter with weak interation via salar and vetor
meson exhange [100℄. As mentioned, not every kind of interation leads to
a Landau-Fermi liquid: If the interation favors a pairing of the fermions,
we eetively deal with a Bose gas. (In fat, in a Fermi gas arbitrarily small
attrative fores lead to Cooper pairing of fermions.) If we have long-range,
quasi-stati interations, the quasi-partile desription is also not valid any
more, and we obtain non-Fermi-liquid behavior.
Anomalous ontributions to the spei heat were rst alulated by
Holstein et al. [101℄ who found a deviation from the linear dependene on
T by a term proportional to T lnT−1. For very small temperatures T , the
temperature dependene will atually be dominated by the T lnT−1 term.
For QCD, quasi-stati transverse gauge boson interations further lead to
a series with frational powers of T . The spei heat of this non-Fermi
liquid is given by (now with the usual quantum-mehanial natural units of
kB = ~ = 1)
CV ≡ CV /V ≈ µ2qT
NNf
3
+ ..T ln ..T−1 (non-Fermi liquid)
+..T 5/3 + ..T 7/3 +O(T 3 lnT ) (3.1.4)
where the oeients were rst alulated in 2003 [102℄ and will be presented
in the following setions.
3.1.2 Non-Fermi liquid
A non-Fermi liquid is in priniple any thermodynami system of fermions
that goes beyond the lassial Landau-Fermi liquid desription (inluding
for example Cooper pairing of fermions and olor superondutivity). Here
we will narrow its usage to a Landau-Fermi liquid that is hanged quali-
tatively by the introdution of long-range interations. It was notied by
Holstein et al. [101℄ in 1973 when studying the de Haas-van Alphen eet
3
2
For a Bose liquid the spei heat grows proportional to the ube of the temperature
CV = V 2π
2T 3/(15(~u)3) with the sound veloity u = ǫ/p [97℄.
3
The de Haas-van Alphen eet states that magnetization shows an osillatory depen-
dene on the inverse magneti eld if the magneti eld is strong enough, T . µBB ≪ µ
with the Bohr magneton µB = e~/(2me) times the magneti indution B still smaller than
the hemial potential µ [97, 103℄. A determination of osillations in the magnetization
M as a funtion of the inverse magneti eld 1/H (the de Haas-van Alphen eet) for
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that long-range interations lead to a deviation from the linear temperature
dependene of the spei heat for small T . In order to explain the speial de
Haas-van Alphen osillations in some noble metals in a slight modiation
of the original model, a urrent-urrent interation, whih in ontrast to the
Coulomb potential is not sreened at zero frequeny, leads to an anomalous
ontribution to the spei heat of the form T lnT−1. The oeient of this
term is of the order ∼ α(vF /c)(m∗/m)2 ∼ 10−5 smaller than that of the
dominant term linear in T for non-relativisti QED appliations, so origi-
nally it was argued that this anomalous ontribution annot be the ause for
measurable eets. (A fator of 4 that was missing in the original alulation
was orreted by [104℄ so that the leading log orretion to the spei heat
is CV = (g20p2F /36π2)T lnT−1). While this ontribution implies that the en-
tropy of the non-Fermi liquid exeeds the entropy of a Landau-Fermi liquid
below some temperature, it is not possible to infer at whih temperature this
happens without omplete knowledge of the argument of the logarithm: As
long as we take the logarithm of a dimensionful quantity lnT , we are missing
the information on the relevant sale for the appearane of the anomalous
behavior.
Long-range interations are generally sreened in the presene of a large
Fermi sea. The reason why this does not happen for transverse gauge bosons
like photons is that gauge invariane prevents them from aquiring a mass,
unless gauge invariane is spontaneously broken (as in superondutors). An
eletron gas interating via transverse gauge bosons shows non-Fermi liquid
behavior depending on the number of spae dimensions D. The spei
heat is proportional to CV ∼ T lnT−1 only in D = 3 dimensions. For
D < 3 dimensions, CV ∼ TD/3 while for D > 3 the system behaves like an
ordinary Landau-Fermi liquid [104, 105℄. In this sense D = 3 orresponds to
a quantum ritial point with respet to variation of the dimension.
A reent alulation of non-Fermi-liquid orretions using renormaliza-
tion group resummation tehniques in referene [106℄ suggests a dierent
leading nonanalyti behavior of the spei heat proportional to T 3 lnT ,
whih atually is of the same order as ordinary Landau-Fermi liquid orre-
tions oming for example from eletron-phonon interations [99, 107, 108,
109℄. However, the starting point of referene [106℄ already negleted dia-
grammati ontributions whih would give T lnT−1 orretions.
It is sometimes assumed that the anomalous ontributions to entropy
or spei heat will hardly play any role at all, sine olor superondutiv-
ity (CSC) will dominate dense quark matter long before non-Fermi liquid
behavior beomes eetive [110, 111℄. The argument is based on simple di-
mensional analysis of the energy sale, and ompares the ritial temperature
of olor superondutivity to the sale where the leading log orretion be-
dierent orientations of the eld has been the most suessful method for mapping out
the shape of the Fermi surfae of metals [103℄.
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omes as large as the leading ontribution, that is where non-Fermi liquid
beomes nonperturbative. Using the known formulae for the CSC ritial
temperature and our omplete leading logarithm ontribution presented in
the following, we an alulate the perturbative orretion stemming from
non-Fermi liquid eets. As we will see in gure 3.6 of setion 3.6.2, pertur-
bative NFL orretions to the spei heat are of the order of 10%-20% at
the CSC ritial temperature for g ∼ O(1) and of the order of g/(3√2) for
small g. Moreover, quark omponents whih do not partiipate in the for-
mation of diquark ondensates will produe non-Fermi-liquid behavior even
in the olor superonduting phase.
Non-Fermi liquid behavior may therefore our in astrophysial situa-
tions, for example the ooling rate of proto-neutron stars [16℄ if they involve
a normal (non-superonduting) degenerate quark matter omponent.
In solid state physis experiments, non-Fermi-liquid behavior has been
measured in so-alled heavy-fermion metals [112℄, for example in the spei
heat of the reently analyzed YbRh2Si2 rystal [17, 18℄. There, T lnT
−1
has
been demonstrated experimentally over more than an order of magnitude
in the viinity of the quantum ritial point for non-Fermi liquid behavior.
At ambient pressure there are only a few undoped ompounds that show
non-Fermi-liquid behavior, like UBe13 [113℄, CeNi2Ge2 [114℄, or CeCu2Si2
[115℄. Other heavy fermion metals an be tuned to a quantum ritial point
by varying for example doping, pressure, or magneti eld.
In the following we will show how the spei heat for ultradegenerate
QED and QCD an be alulated from the pressure integral we used for
alulating the large Nf limit. Non-analyti ontributions in T ome from
transverse gauge boson ontributions. We will omplete the leading logarith-
mi ontribution T lnT−1 in that we alulate the argument of the logarithm.
Beyond this ontribution, dynamial sreening gives rise to anomalous fra-
tional powers T (3+2n)/3, for whih we alulate the oeients up to and
inluding order T 7/3.
3.2 Entropy at small temperatures
We want to study thermodynami quantities in the region of small temper-
ature T ≪ µ. The anomalous ontributions that we would like to alulate,
an be loated in the entropy density
S ≡ S/V =
(
∂P
∂T
)
µ
, (3.2.1)
from whih the spei heat an be derived. One might expet that the
nb ontributions ontaining the Bose-Einstein distribution in the pres-
sure (2.2.13) are negligible ompared to the non-nb ontributions, beause
nb(ω) = 1/(e
ω/T − 1) will vanish exponentially with small T for eah (xed)
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ω. However, we will see that nb ontributions atually annot be negleted
for a region with ω . T and that they are the soure of anomalous terms in
the low-temperature series.
Looking at the non-nb ontributions rst (whih are those parts of the
alulation that we have to integrate in Eulidean spae and whih require
the introdution of a uto due to the Landau pole), the orresponding part
of the entropy is given by
S
non-nb
Ng
= µ2T
{
− g
2
eff
8π2
+
g4eff
32π4
[
2
3
ln
µ¯
MS
µ
(3.2.2)
−0.328(1) × ln g
2
eff
2π2
+ 0.462(5)
]
+O(g6eff ln geff)
}
+O(T 3).
We see that the oeient at order g2eff is the same as the g
2
eff part of the
stritly perturbative result for the pressure. The latter is also known as the
exhange term [20℄ and oinides with the g2eff part of (2.5.10). Here we have
also numerially extrated the order-g4 ln(g) orretions from the exat large
Nf result of Snon-nb at small oupling.
The dash-dotted lines in gure 3.1 show the exat (NLO large Nf ) re-
sult for S
non-nb for dierent ouplings g
2
eff(µ¯MS=µ) = 1, 4, and 9 and small
temperatures 0 < T/µ < 0.15. In this range of temperatures, S
non-nb is well
approximated by the linear term (3.2.2). The dashed lines in gure 3.1 show
the nb ontributions to the spei heat in the large Nf limit evaluated
numerially. For small T we see that these parts annot be negleted. For
suiently small T/µ, Snb is positive and even dominates so that the total
result for the entropy turns out to exeed its free-theory value for a ertain
range of T/µ. The size of the range where the the anomalous ontribu-
tion dominates in the entropy gets larger with inreasing g2eff . The largest
part of the positive and nonlinear ontributions at small T/µ in fat omes
from the transverse vetor-boson modes. These are only weakly dynamially
sreened at small frequenies and ompletely unsreened in the stati limit
beause of gauge invariane. We will see that it is the transverse part of the
non-nb term that will fully ontain the temperature-dependent anomalous
ontribution. The large Nf limit will allow us to alulate the anomalous
ontributions in a very straightforward manner, so let us start by looking
more losely at the transverse ontribution.
3.3 Transverse ontribution
We started our large Nf alulation from equation (2.2.13) whih gives the
pressure assoiated with the gauge boson loop with a resummed fermion loop
insertion. All interesting non-Fermi liquid (T lnT , T 5/3, and T 7/3) behavior
to the spei heat arise from the thermal part, the non-nb part, of the
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Abbildung 3.1: The interation part of the entropy at small T/µ for
g2eff(µ¯MS=µ) = 1, 4, and 9. The non-nb ontributions (dash-dotted lines)
are negative and approximately linear in T with a oeient agreeing with
the exhange term ∝ g2eff in the pressure at small oupling; the nb ontri-
butions (dashed lines) are positive and nonlinear in T suh that the total
entropy exeeds the free-theory value at suiently small T/µ. Transverse
gauge boson modes dominate the anomalous ontribution in the non-nb
part.
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transverse propagator. In the following, we will alulate the ontribution
to the pressure oming from the transverse part
PT,nb
Ng
= −
∫
d3q
(2π)3
∫ ∞
0
dq0
π
2nbIm ln(q
2 − q20 +ΠT +Πvac). (3.3.1)
We will start with a motivating alulation for the leading logarithmi on-
tribution to the pressure and systematially extend this alulation to nally
obtain the anomalous Fermi liquid ontributions up to and inluding order
T 7/3.
3.3.1 Leading log ontribution
To alulate the pressure at small T , we start from equation (3.3.1) where we
an write the argument funtion as Im lnx = arctan(Imx/Re x) as long as
Rex is positive. Keeping this in mind, we use the following low-temperature
approximations: We rst neglet the real part of Re(ΠT +Πvac) ≃ 0+O(q20)
so that the main ontribution omes from q2. For the imaginary part we only
go through order O(q) (the omplete results for real and imaginary parts of
ΠT are given in appendix D) so that we use the following expression
Im ln(q2 − q20 +ΠT +Πvac) ≃ arctan
−g2eff4µ2q0θ(µ− q2)/(16πq)
q2
. (3.3.2)
We rst apply the q-integration of the form∫ qm
0
dq q2 arctan
q0
q3
=
1
6
(
πq3m − 2q3m arctan
q3m
q0
+ q0 ln
(
1 +
q6m
q20
))
≃ 1
3
q0
(
1 + ln
q3m
q0
)
+O(q30) (3.3.3)
for a maximum upper bound qm. From the imaginary part we see that
qm = 2µ. We are left with the following q0 integration whih gives
PT,nb
Ng
=
4π
8π3
∫ ∞
0
dq0
π
2
eq0/T − 1
g2effµ
2
12π
q0
(
1 + ln
4πq3m
g2effµ
2q0
)
=
g2effµ
2T 2
72π2
(
ln
4πq3m
g2effµ
2T
+ γE − 6
π2
ζ ′(2)
)
=
g2effµ
2T 2
72π2
(
ln
32πµ
g2effT
+ γE − 6
π2
ζ ′(2)
)
(3.3.4)
with γE − 6π2 ζ ′(2) ≃ 1.14718. One does not have to worry about rst ex-
panding in small q0 and then integrating q0 from 0 to ∞: The bosoni
distribution funtion nb = 1/(exp(q0/T ) − 1) ensures that for small T only
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small values of q0 . T are sampled in the integrand - larger q0 ontribu-
tions are suppressed exponentially. We nd the ontribution to the entropy
density S ≡ S/V = (∂P/∂T )V,µ as
ST,nb
Ng
=
g2effµ
2T
36π2
(
ln
32πµ
g2effT
− 1
2
+ γE − 6
π2
ζ ′(2)
)
. (3.3.5)
We an also form the spei heat CV ≡ CV /V at onstant volume and
number density whih for unit-volume is given by [116℄
CV = T
{(
∂S
∂T
)
µ
−
(
∂N
∂T
)2
µ
(
∂N
∂µ
)−1
T
}
. (3.3.6)
where N is the number density N ≡ N/V = (∂P/∂µ)T,V . The appliation
of this formula inluding the leading-order ontribution is given in equation
(C.1.5) from appendix C. We nd that to leading order the oeient of the
logarithm remains the same for entropy and spei heat. There is only a
shift by −1 in the sublogarithmi term
CV,T,nb
Ng
=
g2effµ
2T
36π2
(
ln
32πµ
g2effT
− 3
2
+ γE − 6
π2
ζ ′(2)
)
. (3.3.7)
This rst version of the result already inludes the orret pre-fator of the
leading logarithmi ontribution of the spei heat as given in the literature.
It onrms the alulation of referene [104℄ who also found the leading log
ontribution CV = (g
2
0p
2
F /36π
2)T lnT−1 as the spei heat orretion, and
even goes beyond this known result in that dimensional dependene and the
onstants under the logarithm are determined. But the term proportional
to T (the argument of the logarithm) still alls for improved approximations
and should not be trusted yet: It will hange by inlusion of higher order
terms as we will see in the next setion.
3.3.2 Straightforward improvements
It is possible to retain another term and replae 4µ2 by (4µ2+ q2) in (3.3.2).
This will enable us to obtain the orret leading ontribution to the q-
integration even for larger q. The integral over the ar tangent involves
roots of some ubi equation, but it is still solvable. After performing the
small-q0 expansion, the result is almost the same, up to an additional term.∫ qm
0
dq q2 arctan
q0(4µ
2 + q2)
q3
≃ 4µ
2
3
q0
(
1 + ln
q3m
q04µ2
+
3
2
q2m
4µ2
)
+O(q
5/3
0 ).
(3.3.8)
Using qm = 2µ, this term only ontributes by a shift of +3/2 inside the
braes. The seond integral is straightforward and leads to the following
pressure
PT,nb
Ng
=
g2effµ
2T 2
72π2
(
ln
32πµ
g2effT
+
3
2
+ γE − 6
π2
ζ ′(2)
)
(3.3.9)
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and its orresponding entropy
ST,nb
Ng
=
g2effµ
2T
36π2
(
ln
32πµ
g2effT
+ 1 + γE − 6
π2
ζ ′(2)
)
. (3.3.10)
It is also possible to add the vauum term whih also ontains a part
proportional to q2: Instead of q2 in the denominator of (3.3.2) we ould
start with
q2 − q20 +ΠT +Πvac ≃ q2 + q2
g2eff
6π2
ln
µ¯MS
2µ
+O(q20) +O(q
3). (3.3.11)
The alulation will be almost unaeted, only in the nal step we need to
hange g2eff → g2eff/(1+
g2
eff
6π2
ln µ¯MS2µ ). It is lear that this only gives orretions
subleading in g2eff . In fat, this substitution is nothing else than a hange in
sale as given by the exat sale dependene of geff in (2.2.4).
Another extension that we should onsider is the T -dependene of the
self-energies. Up to now we taitly assumed onstant self-energies ΠT (T ) =
ΠT (0) at small T , but this is a simpliation whih might aet the next-
to-leading order in temperature. We nd the following temperature depen-
denies:
ImΠT (q0, q, T ) = ImΠT (q0, q, 0) − T 2 g
2
effπ
12q
q0θ(2µ− q) +O(q20), (3.3.12)
ReΠT (q0, q, T ) = ReΠT (q0, q, 0) + T
2 g
2
effq
2
36µ2
+O(q20) +O(q
3). (3.3.13)
The leading order ontributions turn out to have the same order as the T = 0
terms, so that our alulation does not hange qualitatively. Introduing new
variables
X = 1 +
π2T 2
3µ2
, (3.3.14)
Y = 1 +
g2effT
2
36µ2
− g
2
eff
6π2
ln
2µ
µ¯MS
(3.3.15)
we an write the resulting pressure as
PT,nb
Ng
=
g2effµ
2T 2
72π2
(
ln
32πµ
g2effT
+ ln
Y
X
+ γE − 6
π2
ζ ′(2) +
3
2X
)
X
Y
. (3.3.16)
eetively adding T 4 ontributions to the pressure (or equivalently T 3 on-
tributions to the entropy or the spei heat). This expression redues to
(3.3.9) if we set T → 0 in X and Y .
We should also onsider onsistently inluding higher order terms of q
and q0 in the artan arguments of (3.3.2) or (3.3.8). In the next setion
we will see how this will eventually lead to an integral with a tenth degree
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Abbildung 3.2: Integrand for the q-integration q2Im ln(q2 − q20 +ΠT +Πvac)
for µ = µ¯MS/2 = 1, q0 = 0.2, g
2
eff = 1. The solid line shows the exat
result that follows from the full T = 0 self energy expressions, the dashed
line shows the result with ReΠT expanded through order O(q
2
0) and O(q
2)
and θ(2µ−|q± q0|) replaed by θ(2µ− q). The parameter q0 = 0.2 is hosen
this large as to learly show the three dierent ranges. We will see that the
error introdued by hanging regions I and III by our approximation only
ontribute at order O(q30) or higher, whereas the main ontribution for lower
orders only omes from region II, if the dashed line is integrated from q0 to
2µ.
polynomial in the denominator that annot be readily solved. We have
to introdue approximations in order to fatorize the polynomial to obtain
doable integrals, and we shall arefully hek that we don't omit any vital
ontributions while applying our approximations.
3.3.3 Approximations to order T 3
We want to arefully examine the full integrand of (3.3.1) and study whih
kind of approximations an be applied onsistently up to order T 3. For
T = 0 an exat solution of the real and imaginary parts of the gluon self
energy ΠT and ΠL an be given (see appendix D, equations (D.1.8), (D.1.9),
(D.1.15), and (D.1.16)). These solutions ontain expressions like ln |q−q0| or
θ(2µ − |q0 ± q|) so that the q-integration naturally splits into three regions.
The full line in gure 3.2 shows the exat integrand. The dashed line in
the gure shows the integrand that we want to use: We resolve all absolute
values in the integral in a region q0 < q < 2µ, and expand the real part
Re(ΠT + Πvac) through order O(q
2
0) and O(q
2). Also, as before, we replae
θ(2µ−|q0±q|) by θ(2µ−q) so that our inverse transverse propagator D−1T =
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q2 − q20 +ΠT +Πvac for T = 0 reads
ReD−1T =
(
q2 − q2 g
2
eff
6π2
ln
2µ
µ¯MS
+O(q4)
)
+
(
g2effµ
2
π2q2
− 1 + g
2
eff
6π2
[
1
2
+ ln
2µ
µ¯MS
]
+
g2effq
2
80π2µ2
+O(q4)
)
q20
+O(q40), (3.3.17)
ImD−1T = −
g2effq0
48πq3
(
q2 − q20
) (
12µ2 + 3q2 + q20
)
θ(2µ− q). (3.3.18)
All powers of higher order in q or q0 in (3.3.18) are suppressed at least by a
fator of g2eff . The expansion in the rst line of (3.3.18) in q is a priori only
justiable for anomalous ontributions that arise from a region of small q0
and small q. Atually, the q integral gives ontributions all the way up to
0 < q < 2µ and higher order ontributions in q ontribute to the argument
of the leading logarithm T lnT−1. These orretions will be suppressed by
g2eff at least so that we neglet them for the moment.
Both real and imaginary part an be extended from region II between
q0 and 2µ− q0 to the integration region q0 to 2µ, and we should verify that
this proedure does not introdue an error to the order of interest. In the
following we will expliitly examine to what order the regions I and III will
ontribute.
In region I we an argue by the maximum upper bound of the integrand:
The ar tangent funtion limits the integrand to π/2 so that the integral an
maximally ontribute with
∫ q0
0 q
2 π
2dq = πq
3
0/6. This is a result of order q
3
0
that an be negleted if we expet results of the order q0 ln q0, q
5/3
0 , or q
7/3
0 .
In region III the argumentation is more subtle. If we expand the exat self
energy funtions in a region 2µ− q0 < q < 2µ+ q and integrate them in this
interval, we obtain as a leading order ontribution −72πg2effπµ2q20/(4µ(72π2+
13g2eff − 12g2eff ln 4µµ¯MS )) +O(q30). This result is quadrati in the leading order
of q0 and ould therefore not be negleted as suh. However, it turns out
that this ontribution exatly mathes the quadrati ontribution that one
would obtain from extending the approximating formula from region II to
region III and integrating it between 2µ− q0 and 2µ. This is also suggested
by gure 3.2 where the triangle in region III of the exat solution is replaed
by a retangle of half the width of our dashed approximate expression. So by
integrating our region II formula from q0 to 2µ, we atually redue the error
to order O(q30). In the following we an expet to obtain orret expansion
terms below third order in q0 by integrating out our approximating funtions
(3.3.17) and (3.3.18) from q0 to 2µ.
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3.3.4 Momentum integration
We will integrate (3.3.1) using our approximating funtions (3.3.17) and
(3.3.18), abbreviated onveniently as Re (ontaining only the expliit terms
given in (3.3.17) omitting higher order ontributions) and Im, using integra-
tion by parts.∫ 2µ
q0
q2 arctan
Im
Re
dq =
q3
3
arctan
Im
Re
∣∣∣∣2µ
q0
−
∫ 2µ
q0
q3
3
Re Im′ − ImRe′
Re2 + Im2
dq.
(3.3.19)
The rst part of this integral poses no problem, and it is straightforward to
expand the result in terms of small q0:
q3
3
arctan
Im
Re
∣∣∣∣2µ
q0
= −g
2
effµ
2q0
6π
+O(q30). (3.3.20)
As it should be, this result is independent of whether we start the integration
from q0 or from 0. The seond part of the integral is more demanding as we
get a bulky polynomial in the denominator. (To simplify the following ex-
pressions, we will set µ¯MS = 2µ, thereby getting rid of logarithmi onstants,
and reintrodue them only in the nal result):
57600µ4π4q6
(
Re2 + Im2
)
= q10
(
57600µ4π4 + 1440g2effµ
2π2q20 + 9g
2
effq
4
0
)
+q8
(
75µ4π2
[
128g2eff+3g
4
eff−1536π2
]
q20 + 120g
2
effµ
2
[
g2eff−12π2
]
q40
)
+q6
(
1800g2eff
[
64 + g2eff
]
µ6π2q20
−20µ4 [480g2effπ2 − 2880π4 + g4eff(−92 + 15π2)] q40)
+q4
(
3600g4effµ
8π2q20 − 600g2effµ6
[
192π2 + g2eff(−16 + 5π2)
]
q40
−50g4effµ4π2q80
)
+q2
(−7200g4effµ8 [−8 + π2] q40 + 600g4effµ6π2q60 + 100g4effµ4π2q80)
+
(
3600g4effµ
8q60 + 600g
4
effµ
6π2q80 + 25g
4
effµ
4π2q100
)
. (3.3.21)
Bearing in mind that this is just the denominator of the integrand, a diret
integration seems impossible: This is a polynomial of tenth degree in q, or
given the fat that only even powers of q appear, we have to ope with a
quinti at least. Performing rational integrals requires knowledge of the roots
of the denominator (see appendix E.1, equation (E.1.6)). But for a quinti,
solutions in form of root expressions an not be given anymore in general.
However, all we need is an expansion of the nal integral in terms of q0, that
is for small q0. Can we therefore loate those terms of this polynomial that
are important to low order terms of the q0 expansion? A rst naive approah
of simply expanding the denominator in terms of small q0 will ertainly fail,
beause also our integration variable q an beome small at the same time.
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A possible solution might be found in the pole struture of this expression
for small q0 as plotted in gure 3.3. The loation of the poles reveals some
symmetry, and presumably only a few terms from the polynomial (3.3.21)
determine this struture. In the following we will see how to extrat these
terms.
Pole struture
We obtain (what we will all) the low-order front of the polynomial by rst
retaining only the leading order in q0 for eah order of q separately, and then
keeping only the leading order terms in q for eah order of q0. Applying this
proedure to our polynomial (3.3.21), we rst get terms of the orders q10,
q8q20, q
6q20, q
4q20 , q
2q40 , and q
6
0 whih are the relevant terms for small q0. From
the three terms proportional to q20 we an omit q
8q20 and q
6q20 for small q and
q0 so that we are left with only four terms that fully determine the leading
order behavior of the integrand denominator for small q and q0:
Re2 + Im2 ≈ 1
q6
(
q10 +
g4effµ
4
16π2
q4q20 −
g4effµ
4(π2 − 8)
8π4
q2q40 +
g4effµ
4
16π2
q60
)
.
(3.3.22)
This low-order front uniquely haraterize the small q0 and small q pole
struture. The rst three terms will not hange even if we inlude higher-
order terms of q or q0 from the beginning of the alulation in (3.3.17): higher
order ontributions in q0 are shielded by the q
6
0 term, higher order terms in
q are shielded by the q10 term (for small q where the small q0 pole struture
appears) and all other power mixtures in between are shielded by this low-
order front of four terms. It should be noted however that in the expansion
of (3.3.17) also negative powers of q appear for higher order q0 orretions
that add terms of the order (q0/q)
2n
with 2n ≥ 6. Their omission turns out
to be negligible sine we restrited our integral to the region q0 ≤ q and the
oeients of this series quikly get smaller.
Still, we are left with a quinti whose general solution annot be given in
form of root expressions. Let us see, if we an reprodue the pole struture
suggested by gure 3.3. As a rst guess we would start with
Re2 + Im2 ≈ 1
q6
(
A+ q6
) (
F + q4
)
(3.3.23)
whih would give four poles arranged in a square at a distane F 1/4 and six
poles arranged in the shape of a honeyomb at a distane A1/6. Expanded,
this term gives AF + Aq4 + Fq6 + q10. We an read o A from the q4
term A = g4effµ
4q20/(16π
2) whih determines F from the onstant term as
F = q40. This already explains the main features of the pole strutures.
Unfortunately, our low-order front is not orretly reprodued yet. This is
not dramati for the additional Fq6-term, beause it is sub-leading to the
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Abbildung 3.3: Pole struture of the trunated absolute squared transverse
propagator Re2+Im2 at µ = µ¯MS/2 = 1, q0 = 0.05, g
2
eff = 1 in the omplex q-
plane. This 10-pole struture arises from the speial form of trunation that
we hose in (3.3.17). For small q0 the 10-pole struture naturally deomposes
into a retangular struture with the four poles in the middle at the order
of |q| ≈ q0, while the six surrounding poles, prominently arranged in the
shape of a honeyomb, stay at the order |q| ≈ (g2effµ2q0/4π)1/3. While the
inner four poles basially ontribute to the leading logarithmi ontribution,
it is these outer six poles that give rise to anomalous Fermi-liquid behavior
of order T 5/3 and T 7/3. Corretions to this simple piture will be disussed
in the text. The plot is multiplied by |q|−3 whih does not hange the pole
struture sine the propagator ontains an overall fator of q6, but merely
makes the poles have similar heights in this plot.
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low-order front, but the term proportional to q2 is not reprodued at all.
Therefore we have to extend our guess slightly:
Re2 + Im2 ≈ 1
q6
(
A+ q6
) (
F +Gq2 + q4
) ≡ D0 (3.3.24)
where we an determine G = −2(π2 − 8)q20/π2. In this way we hange the
inner pole struture from a square to a retangle. We an now alulate
the integral. Sine we know how to fator our denominator, we an apply
partial fration deomposition and redue the integral (3.3.19) to doable
simpler integrals∫
N
D
dq ≈
∫
N
D0
dq =
∫
Nα
(q6 + ..)
dq +
∫
Nβ
(q4 + ..)
dq (3.3.25)
where we abbreviated the numerator as N = q3(Re Im′ − ImRe′)/3, the
original denominator as D = Re2 + Im2, and its rst fatorization as D0
from (3.3.24). Applying this proedure, we obtain the following result:
−
∫ 2µ
q0
N
D0
dq = −g
2
effµ
2q0
12π
(
1
2
+ ln
32πµ
g2effq0
)
+
22/3(geffµ)
4/3q
5/3
0
9
√
3π2/3
(
1 +
g2eff
64
)
+
821/3(geffµ)
2/3q
7/3
0
3
√
3π4/3
(
1 +
g2eff
72
)
+O(q30 ln q0). (3.3.26)
The result looks insofar good as we obtain the same leading order logarithm
as from our rst approah (3.3.8) if we take (3.3.20) into aount, and we
obtain anomalous q
5/3
0 and q
7/3
0 ontributions. However, those are not om-
plete yet, as we will see soon. This integral is only the rst of a series that
we an form: If we denote the terms we negleted in the denominator as
δD0 = D − D0, we an write an expansion series that should ontain the
omplete result:∫
N
D
dq =
∫
N
D0 + δD0
dq =
∫
N
D0
dq −
∫
N δD0
D20
dq +
∫
N δD20
D30
dq −+...
(3.3.27)
Again, as before, by partial fration deomposition, all of the integrals on
the right hand side are doable. Looking at the seond term in this series, we
again nd ontributions of the order q
5/3
0 and q
7/3
0 :∫
N δD0
D20
dq =
222/3(geffµ)
4/3q
5/3
0
9
√
3π2/3
(
1 +
g2eff
64
)
(3.3.28)
+
6421/3(geffµ)
2/3q
7/3
0
27
√
3π4/3
(
1− 3g
2
eff
256
− 5g
4
eff
16384
)
+ (q30 ln q0).
Although we expet to alulate a orretion ontribution, the q
5/3
0 term
turns out to be twie as big as the rst one. Apparently the series does
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not onverge fast enough. The third term in the series
∫
N δD20/D
3
0dq again
seems promising for it starts at order O(q
7/3
0 ) and does not ontain a q
5/3
0
term anymore, but still we would like to nd a more ontrolled kind of
approximation.
Completing the hyperube
The problem of the series lies in the orretion δD0 whih is of the order
q20. This order is not enough to ompensate negative orders of q0 that are
introdued by powers of the denominator D0. We ould ask if it is possible
to shue the q20 terms from δD0 into D0 in suh a way that D0 remains a
produt of a fourth-order and a sixth-order polynomial. In this way we ould
form a new denominator D1 with a orresponding δD1 = D −D1 = O(q40)
and we ould expet a faster onverging series in terms of q0. It turns out that
it is indeed possible to omplete the square - or atually the 10-dimensional
hyperube - up to a given order of q0 so that orretions are higher-order in
q0 by the following proedure: We start from
Re2 + Im2 =
1
q6
{
a+ bq2 + cq4 + dq6 + eq8 + fq10
}
≈ 1
q6
M
(
A+Bq2 + Cq4 + q6
) (
F +Gq2 + q4
) ≡ D1
=
1
q6
M
{
AF + (AG+BF )q2 + (A+BG+ CF )q4
+(B + CG+ F )q6 + (C +G)q8 + q10
}
(3.3.29)
where a, b, c, d, e, and f an be read o from (3.3.21). We already determined
A, F , and G before. δD0 ontains q
2
0 ontributions for q
10
, q8, and q6, and
we have three variables left: B, C, and M . This should not be too diult,
sine the mixing terms BF , BG, CF , ... naturally turn out to be of higher
order in q0. We an summarize the proedure as follows:
M → f ∼ 1 +O(q20),
A → c
M
∼ O(q20),
F → a
AM
∼ O(q40),
G → b
AM
∼ O(q20),
C → e−MG
M
∼ O(q20),
B → d
M
∼ O(q20) (3.3.30)
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where the oeients are series expanded in q0 and trunated to form poly-
nomials. In our ase we get the following assignments
A → g
4
effµ
4
16π2
q20 ,
B → g
2
effµ
2(64 + g2eff)
32π2
q20 ,
C → 3g
4
eff + 128g
2
eff − 12288
768π2
q20,
F → q40,
G → −2π
2 − 8
π2
q20,
M → 1 + g
2
eff
40π2µ2
q20 (3.3.31)
Using these in (3.3.29) we obtain a orretion term δD1 of the order O(q
4
0).
It is possible to pursue the same strategy again to get rid of the O(q40) term
in the δD1 orretion to form a D2 result by the very same proedure as
above, inluding the next order term in eah variable. δD2 would then be a
orretion of order O(q60).
Let us see how this new denominator D1 hanges the result. There are
many terms involved in this alulation, so it is best to let a omputer do all
integrals eah of whih is doable just as before. Here is the nal result:
−
∫ 2µ
q0
N
D1
dq = −g
2
effµ
2q0
12π
(
1
2
+ ln
32πµ
g2effq0
)
+
22/3(geffµ)
4/3q
5/3
0
3
√
3π2/3
(
1 +
g2eff
64
)
− 8 2
1/3(geffµ)
2/3q
7/3
0
9
√
3π4/3
(
1− g
2
eff
32
− g
4
eff
2048
)
+O(q30 ln q0). (3.3.32)
Another alulation shows that the orretion to this result
∫
N δD1/D
2
1dq
is already of order O(q
13/3
0 ). Also, using the seond orretion
∫
N/D2dq
gives the same result up to O(q30) so that we an now trust the q
5/3
0 and q
7/3
0
oeients.
Just to give an impression of how the series would ontinue, we give the
q30 oeient of the expansion (3.3.32)
O(q30 ln q0) →
q30
12π3
{
896
3
− 8π2 + 10g
2
eff
3
− 123g
4
eff
320
− 67g
6
eff
12288
−2(π2 − 16)
√
π2 − 4
(
π − 2 arctan 2√
π2 − 4
)
+
(
32π2 − 512
3
− g
2
effπ
2
12
+
g4eff
30
+
g6eff
3072
)
ln
32πµ
g2effq0
−8(3π2 − 16) ln 1024π
g4eff
}
+O(q
11/3
0 ). (3.3.33)
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Note that this expansion results from the terms expliitly given in equations
(3.3.17) and (3.3.18). Inluding higher order ontributions of q0 and q in
(3.3.17) will hange the higher order oeients of geff given here.
3.3.5 Pressure, entropy and spei heat
As before, we alulate pressure by integrating over q0 and entropy and spe-
i heat from derivatives thereof. We introdue the following abbreviations
c˜ln =
3
2
+ γE − 6
π2
ζ ′(2), (3.3.34)
c˜8/3 = −
22/3(geffµ)
4/3Γ(83)ζ(
8
3)
3
√
3π11/3
(1 +
g2eff
64
), (3.3.35)
c˜10/3 =
821/3(geffµ)
2/3Γ(103 )ζ(
10
3 )
9
√
3π13/3
(1− g
2
eff
32
− g
4
eff
2048
). (3.3.36)
Note that inlusion of higher order terms in q0 and q in equation (3.3.17)
may hange the higher order oeients in geff given here. The leading order
in geff for eah oeient is omplete though. The results are
PT,nb
Ng
=
g2effµ
2T 2
72π2
(
ln
32πµ
g2effT
+ c˜ln
)
(3.3.37)
+c˜8/3T
8/3 + c˜10/3T
10/3 +O(T 4 lnT ),
ST,nb
Ng
=
g2effµ
2T
36π2
(
ln
32πµ
g2effT
+ c˜ln − 1
2
)
(3.3.38)
+
8
3
c˜8/3T
5/3 +
10
3
c˜10/3T
7/3 +O(T 3 lnT ),
CV,T,nb
Ng
=
g2effµ
2T
36π2
(
ln
32πµ
g2effT
+ c˜ln − 3
2
)
(3.3.39)
+
40
9
c˜8/3T
5/3 +
70
9
c˜10/3T
7/3 +O(T 3 lnT ).
Figure 3.4 shows a omparison between a full numerial result and the
series expansion for small T for the transverse nb-part of the entropy in
the large Nf limit. Clearly, the leading order ontribution of the urves is
aurately reprodued by the small-T expansion for dierent g2eff of 1, 4, or
9 in a region T/µ . geff/(2π
2). This is also the region where the omplete
large-Nf result for the low-temperature entropy exeeds the ideal-gas value
in gure 3.1.
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Abbildung 3.4: Transverse nb-ontribution to the interation part of the
low-temperature entropy density in the large-Nf limit for the three values
g2eff = 1, 4, 9. The heavy dots give the exat numerial results; the full,
dashed, and dash-dotted lines orrespond to our perturbative result up to
and inluding the T lnT−1, T 5/3, and T 7/3 ontributions.
3.3.6 Higher order orretions
We an now apply full temperature-dependene of the self energies and keep
the renormalization sale µ¯MS expliitly in our formulae as in setion 3.3.2.
Our nal result for the pressure reads as follows: Using the following di-
mensionless quantities
X = 1 +
π2T 2
3µ2
, (3.3.40)
Y = 1 +
g2effT
2
36µ2
− g
2
eff
6π2
ln
2µ
µ¯MS
(3.3.41)
and the following abbreviations
cˆln =
3
2X
+ γE − 6
π2
ζ ′(2) + ln
Y
X
, (3.3.42)
cˆ8/3 = −
22/3(geffµ)
4/3Γ(83)ζ(
8
3 )
3
√
3π11/3
(1 +
g2eff
64Y
)
(
X
Y
)2/3
, (3.3.43)
cˆ10/3 =
821/3(geffµ)
2/3Γ(103 )ζ(
10
3 )
9
√
3π13/3
(1− g
2
eff
32Y
− g
4
eff
2048Y 2
)
(
X
Y
)1/3
(3.3.44)
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we an write the resulting pressure as
PT,nb
Ng
=
g2effµ
2T 2
72π2
(
ln
32πµ
g2effT
+ cˆln
)
X
Y
+cˆ8/3T
8/3 + cˆ10/3T
10/3 +O(T 4 lnT ). (3.3.45)
The temperature orretions of X and Y only ontribute to order O(T 4) so
that in a strit expansion sense, this expression redues to (3.3.37) up to
ln µ¯MS terms.
Let us nally note that with the tools presented here, it seems a straight-
forward but tedious task to alulate the omplete O(T 4) ontribution to the
pressure (or the O(T 3) ontribution to entropy or spei heat). First, from
the region II integral we expet a T 3 lnT ontribution to the entropy as is
suggested by the (still inomplete) ontribution in equation (3.3.33). Then
we have to take a areful look at regions I and III again, whih ould start
ontributing at this order. Finally, the temperature dependenies of the self-
energies in equations (3.3.12) and (3.3.13) will also start ontributing at this
order via higher orretions similar to the X and Y funtions above. In a
full O(T 3 lnT ) alulation of the entropy, all of these terms would have to
be taken into aount.
3.4 Longitudinal ontribution
For the longitudinal nb-part from our starting equation (2.2.13) we annot
neglet the real part of the self-energy ΠL ompared to the vauum self
energy as we did in equation (3.3.2). We have to add a term
ReΠL(q0, q) =
g2effµ
2
π2
+O(q20) +O(q
2) (3.4.1)
whih is absent in the transverse part. This ontribution does not vanish
for small q0 and q and atually simplies the alulation. This time we an
expand the ar tangent for small argument arctan x ≃ x so that we an write
Im ln(q2 − q20 +ΠL +Πvac) ≃
g2eff(4µ
2 − q2)q0θ(µ− q2)/(8πq)
q2 + (g2effµ
2)/π2
. (3.4.2)
Performing the q-integration as before we get
Q ≡
∫ 2µ
0
dqq2
g2eff(4µ
2 − q2)q0/(8πq)
q2 + (g2effµ
2)/π2
(3.4.3)
=
g2effµ
2
4π
q0
{(
1 +
g2eff
4π2
)
ln(1 +
4π2
g2eff
)− 1
}
. (3.4.4)
This integral an be performed exatly, so here and in the following step
there is no need for any trunation so far. From this integral Q we get the
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pressure as
PL,nb
Ng
= − 4π
8π3
∫ ∞
0
dq0
π
1
eq0/T − 1Q
= −g
2
effµ
2T 2
48π2
{(
1 +
g2eff
4π2
)
ln(1 +
4π2
g2eff
)− 1
}
(3.4.5)
and the entropy density as
SL,nb
Ng
= −g
2
effµ
2T
24π2
{(
1 +
g2eff
4π2
)
ln(1 +
4π2
g2eff
)− 1
}
. (3.4.6)
The logarithm an be expanded giving
SL,nb
Ng
=
g2effµ
2T
24π2
(
ln
g2eff
4π2
+ 1
)
+O(g4eff ) +O(T
3). (3.4.7)
3.5 Full result
Let us take together all the results we obtained so far. We have three main
ontributions to the entropy orretion
S − S0 = Snon-nb + ST,nb + SL,nb (3.5.1)
with S
non-nb from equation (3.2.2), ST,nb from (3.3.38), and SL,nb from
(3.4.7). S0 is the ideal-gas value per unit volume obtained from (2.5.1)
and is given by
S0 =
(
∂P0
∂T
)
V,µ
= NNf
(
µ2
3
T +
7π2
45
T 3
)
+Ng
4π2
15
T 3.
Using the following abbreviations
c5/3 = −
8 22/3Γ(83)ζ(
8
3 )
9
√
3π11/3
(geffµ)
4/3, (3.5.2)
c7/3 =
80 21/3Γ(103 )ζ(
10
3 )
27
√
3π13/3
(geffµ)
2/3
(3.5.3)
we an write the nal result to the entropy orretion as
S − S0
Ng
=
g2effµ
2T
36π2
(
ln
4geffµ
π2T
− 2 + γE − 6
π2
ζ ′(2)
)
+ c5/3T
5/3 + c7/3T
7/3 +O(T 3 lnT ) (3.5.4)
and for the spei heat as
CV − C0V
Ng
=
g2effµ
2T
36π2
(
ln
4geffµ
π2T
− 3 + γE − 6
π2
ζ ′(2)
)
+
5
3
c5/3T
5/3 +
7
3
c7/3T
7/3 +O(T 3 lnT ) (3.5.5)
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with the ideal-gas ontribution of the spei heat as alulated in appendix
C
C0V = NNf
µ2T
3
+
7π2T 3
15
− 4µ
2T 3
9
(
T 2
3 +
µ2
π2
)
+Ng 4π2T 3
15
. (3.5.6)
3.5.1 Extension to full QED and QCD
Having alulated the largeNf result of entropy and spei heat, the natural
question is how these results translate bak to the full theory of QED or
QCD. It turns out that for entropy and spei heat of QED and QCD all
we alulated so far in the rst few orders of T ≪ µ is atually all there is.
In fat, our NLO expression for the pressure at large Nf (2.2.13) an be
seen as the starting point for an expansion of small g but nite, smaller Nf
in the regime T/µ ≪ g with an error of order g4. This is beause bosoni
loop insertions that we ould omit in the large Nf limit are also negligible
in this regime to the order of interest. The pressure would then be given by
P = NNf
(
µ4
12π2
+
µ2T 2
6
+
7π2T 4
180
)
−Ng
∫
d3q
(2π)3
∫ ∞
0
dq0
π
×
[
2
(
[nb +
1
2
]Im lnD−1T −
1
2
Im lnD−1
va
)
+
(
[nb +
1
2
]Im ln
D−1L
q2 − q20
− 1
2
Im ln
D−1
va
q2 − q20
)]
+O(g4µ4), (T/µ≪ g) (3.5.7)
where N = 3, Ng = 8 for QCD, and both equal to one for QED. The tem-
perature T is assumed to be the smallest mass sale in the problem. DT
and DL are the spatially transverse and longitudinal gauge boson propaga-
tors at nite temperature T and (eletron or quark) hemial potential µ
obtained by Dyson-resumming one-loop fermion loops, and D
va
is the or-
responding quantity at zero temperature and hemial potential, just as in
equation (2.2.13). This expression is suient to obtain results up to (but
not inluding) order T 4 in the pressure or to order T 3 in the entropy for the
regime T/µ≪ g. Sine the frational powers T 5/3 and T 7/3 are inluded in
these bounds they indeed give the anomalous behavior also to full QED and
QCD.
In order to obtain the anomalous terms through order T 7/3 one atually
only needs the following terms of the real transverse part of the propagator
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(3.3.17) where we only keep the lowest orders in q0/q and q0/µ
ReD−1T = q
2
(
1 +O(g2eff )
)
+
(
g2effµ
2
π2q2
− 1 +O(g2effq0) +O(g2effq2/µ2)
)
q20
+ O(g2effq
4
0). (3.5.8)
These are the neessary terms to give the same low order front as presented
in equation (3.3.22).
For T/µ≪ g the anomalous ontributions we alulated for the pressure
are atually negligible ompared to zero-temperature ontributions ∼ g4µ4
whih we omitted in our starting formula (3.5.7) and whih an be found for
QED and QCD to order g4 in referenes [72, 73℄. However, when alulating
the entropy density S = (∂P/∂T )V,µ or the spei heat, these terms drop
out and we obtain the orret low temperature series expansions for QED
and QCD by the results alulated above in equations (3.5.4) and (3.5.5).
A useful way of understanding the organization of the series expansion
is to make expliit that T/µ is the smallest sale by writing T/µ ∼ g1+δeff
with δ > 0. The terms in the expansion(3.5.4) then orrespond to the
orders g3+δeff ln(c/geff ), g
3+(5/3)δ
eff , and g
3+(7/3)δ
eff , respetively, with a trunation
error of the order g3+3δeff . The expansion parameter in this low-temperature
series is T/(geffµ), whih is also the saleless parameter appearing in the
argument of the leading logarithm of (3.5.4) and (3.5.5), but interestingly
only after the transverse and the longitudinal ontributions have been added
together. The ombination geffµ is the sale of the Debye mass at high
hemial potential, whose leading-order value is mD = geffµ/π. In fat, the
alulation of the oeients in (3.5.4) required keeping the leading-order
hard-dense-loop (HDL) part of the gauge boson propagator [117, 118℄, in
partiular the dynami sreening in (3.3.18), but also a HDL orretion to
the real part of the transverse self energy in (3.5.8). The above alulation is
therefore in a ertain sense another appliation of HDL resummation [118℄,
whih thus turns out to be neessary also for a perturbative treatment of the
low-temperature regime T/µ≪ g.
Summarizing, we have found that for the entropy and the spei heat
(but not for the pressure) the expressions given in (3.5.4) and (3.5.5) already
give the leading order ontribution for full QED and QCD in a regime of
T/µ≪ g with g2eff = g2Nf for QED and g2eff = g2Nf/2 for QCD.
3.6 Disussion
3.6.1 Spei heat
The spei heat CV ≡ CV /V is an important quantity for potential phe-
nomenologial appliations in astrophysial systems. Figure 3.5 shows the
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Abbildung 3.5: The perturbative result for the spei heat, normalized
to the ideal-gas value, to order T 5/3 and T 7/3 (lower and upper urves,
respetively) for two partiular values of αs in two-avor QCD (hosen for
omparability to referene [119℄) and geff ≈ 0.303 for QED. The deviation of
the QED result from the ideal-gas value is enlarged by a fator of 20, and
the plot terminates where the expansion parameter (π2T )/(geffµ) ≈ 1.
ratio of CV as given by (3.5.5) to the ideal-gas value C0V for QCD with two
massless quark avors. We ompute the ratio for two values for αs whih
have been used also in referene [119℄ and whih orrespond to one-loop
running ouplings with renormalization point 0.5 GeV (full line) and 1 GeV
(dashed line). The upper limit of the shaded bands give the result to order
T 5/3 and the lower band to order T 7/3. Alternatively we an think of the
two QCD bands as roughly orresponding to QCD with a quark hemial
potential of 0.5 GeV and the total variation orresponding to dierent renor-
malization shemes with minimal subtration sale varied between µ and 2µ.
The ritial temperature for the olor superonduting phase transition may
be anywhere between 6 and 60 MeV [15℄, so the range T/µ ≥ 0.012 in gure
3.5 might orrespond to normal quark matter. We will explore this region in
more detail in the next setion, looking at the anomalous orretion at the
ritial temperature of olor superondutivity. While it is ertainly ques-
tionable to apply perturbative results for αs & 0.65, gure 3.5 suggests that
the anomalous feature of an exess of the spei heat over its ideal-gas value
may possibly ome into play in astrophysial situations, in partiular in the
ooling of (proto-)neutron stars [16, 120, 121℄. The anomalous orretion
CV /C0V > 1 should be ompared to the ordinary perturbative estimate for
CV /C0V based on the well-known [20℄ exhange term ∝ g2 (whih requires
T/µ≫ g). The latter would predit CV /C0V . 0.6 for αs & 0.65.
In gure 3.5 we also show the eet on QED, where geff =
√
4πα ≈
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√
4π/137 ≈ 0.303. Here the range of temperature, where the spei heat
exeeds the ideal-gas value, and the deviations from the latter, are muh
smaller (the deviations from the ideal-gas value have been enlarged by a
fator of 20 in gure 3.5 to make them more visible). As mentioned, the
eet of the anomalous ontribution to the spei heat remains small in
QED, but it might play a notieable role in the thermodynamis of a normal
quark matter omponent of neutron or proto-neutron stars.
3.6.2 Eet near the CSC ritial temperature
It has been argued reently that olor superondutivity (CSC) will dominate
dense quark matter long before non-Fermi liquid behavior beomes eetive
[110, 111℄. The argument is based on simple dimensional analysis of the
energy sale, whih for the 2SC olor superonduting gap is given by [110,
122, 123, 124, 125, 126, 127℄
E = bb′0µg
−5 exp(−c/g), (3.6.1)
b = 512π4
(
2
Nf
)5/2
, b′0 = exp(−
4 + π2
8
), c =
√
6Nc
Nc + 1
π2 (3.6.2)
and for non-Fermi liquid eets is given by
E¯ = b¯µg exp(−xc¯/g2), (3.6.3)
b¯ =
4
π2
√
Nf
2
exp(−3 + γE − 6
π2
ζ ′(2)), c¯ =
24π2Nc
Ng
. (3.6.4)
This NFL result is obtained from equating x times the oeient of the
leading order T ontribution to the T lnT−1 oeient from the NFL entropy
orretion (3.5.4) (for the spei heat (3.5.5), b¯ gets another fator e). The
parameter x gives the kind of NFL orretion: for x < 1, E¯ gives the energy
sale for orretions of the order x; for x ∼ 1 we get into non-perturbative
NFL orretion regime. Note that the pre-exponential fator b′0 in the olor
superonduting energy gap (3.6.1) stems from non-Fermi liquid behavior
through the quark-selfenergy [128, 125, 129℄.
In referenes [110, 111℄, the energy sale for olor superondutivity is
related to the energy sale where NFL eets get nonperturbative. For a
2SC system, the energy sale of the ritial temperature of the olor super-
ondutor Tc is related to the gap energy (3.6.1) by Tc = Ee
γE/π [127℄. It
is lear that for arbitrarily small ouplings g the ritial energy Tc ∝ E will
be larger than the NFL energy E¯. Thus, nonperturbative NFL eets will
not play a role beause olor superondutivity will set in already at higher
temperatures.
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Abbildung 3.6: Non-Fermi liquid orretion at the ritial temperature Tc
of the olor superondutor as a funtion of the oupling g for entropy and
spei heat. The fator x is the rate of the next-to-leading order ontri-
bution ∝ T lnT−1 to the leading order (Stefan-Boltzmann) ontribution
∝ T . The shaded bands give the result inluding T 5/3 (lower limit of band)
and T 7/3 (upper limit of band) ontributions in the NLO expression. For
g . 5, non-Fermi liquid orretions are perturbative (x < 1) and the size
of orretion is given by x for the spei heat and the entropy. For g & 5
nonperturbative NFL ontributions annot be negleted. For asymptotially
small g → 0 the orretion is linear x = g/(3√2).
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On the other hand, if we are interested in when perturbative orretions
annot be negleted, it boils down to a hoie of the size of orretions we
wish to regard, entering via the parameter x: Indeed, if we want to study
NFL orretions of the order of g by setting x = g in (3.6.3), we nd the
same parametrial energy dependene ∝ exp(−c¯/g) for Tc and E¯. Here of
ourse the magnitudes of c, c¯, and the large exponential prefator b start
to play a role and one has to be more areful. Solving for the orretion in
Tc = E¯ gives
x = g
c
c¯
+
g2
c¯
ln
b¯g6
bb′0eγE/π
. (3.6.5)
From another point of view, this is just the orretion x = CNLOV (Tc)/CLOV (Tc)
evaluated at the ritial temperature Tc(g) = Tc(E(g)) for eah oupling g for
the NLO ontribution ∝ T lnT−1. Figure 3.6 shows the dependene of the
size of the orretion x on the oupling g for the spei heat and the entropy.
Aording to this plot, below g . 5 we are in the perturbative NFL regime
where our formulae (3.5.4) and (3.5.5) are well appliable, as an be seen
from the shaded bands in the plots whih show the result inluding T 5/3 and
T 7/3 ontributions. These are the biggest orretions that we expet to see
from perturbative non-Fermi liquids beause for higher temperatures T > Tc
the NLO orretions get smaller, and for smaller temperatures T < Tc we
are in the olor superonduting phase. Sine the olor superondutor gap
equation (3.6.1) might not be valid in this oupling range anymore, this plot
should be treated with are. The only purpose of this plot is to show that
from the gap energy given above, one an not readily derive that perturbative
NFL eets ould be negleted. Indeed, the energy gap formula might break
down for g as low as g & 0.8 [130℄.
For small g the orretion dereases linearly as x = g/(3
√
2). This is
larger than naively expeted from the perturbative NLO NFL term ∝ g2 ln g
and an eet of the exponential derease of the ritial temperature Tc with
exp(−c/g).
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Kapitel 4
Summary and Outlook
In this thesis we alulated pressure, entropy, and spei heat of the high-
temperature and high-density quark-gluon plasma in the limit of a large
number of quark avors. The theoretial understanding of the quark-gluon
plasma is of urrent interest, as existing heavy-ion olliders start to reah en-
ergy densities that allow for observation of this new state of matter. In the
low-temperature but high-density region, the quark-gluon plasma features
non-Fermi-liquid behavior with anomalous ontributions to thermodynami
quantities. In this thesis we derived for the rst time in a detailed alula-
tion the low-temperature series beyond leading-log auray and inluding
anomalous frational powers.
We have foused on large Nf as the theoretial limit in whih we let
the number of avors go to Nf → ∞ and the oupling g → 0 suh that
the eetive oupling geff ∝ g2Nf stays of order O(1). We argued that this
theory is of partiular interest beause it is exatly solvable up to next-to-
leading order (NLO) in the 1/Nf expansion and thus provides an ideal test
for resummation shemes that try to overome the poor onvergene prop-
erties of strit perturbative expansions of thermodynami quantities like the
pressure. The NLO large Nf limit tehnially orresponds to resumming
a boson loop with any number of fermion loop insertions whih an be re-
summed by the Shwinger-Dyson method. Although we annot give a losed
form of the NLO pressure, we an numerially evaluate the result with a
small error introdued by a uto due to a Landau singularity in the ou-
pling. Given that the renormalization sale dependene is exat to the order
of interest, we have an exat result for all ouplings and renormalization
sales. We alulated the pressure for the whole range of temperature and
hemial potentials where the error introdued by the uto is negligible
numerially. For small values of the oupling, our numeris turned out to
be suiently aurate to allow omparison to perturbation theory and to
extrat oeients in the perturbative expansion of the pressure that had
not been alulated analytially before. This table shows a summary of our
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preditions:
Coeient Predited value Equation Conrmed
P : C6 +20(2) (2.5.16) not yet
χ: C6 -4.55(9) (2.5.19) not yet
∂2χ/∂µ2: C4 -7.02(3) (2.5.20) -6.9986997..[65℄
PT=0: C6,ln +3.18(5) (2.5.24) not yet
PT=0: C6 -3.4(3) (2.5.24) not yet
Sine the original publiation of the predited values in [68℄ so far only one
has been onrmed by an analyti alulation. The other four onstants still
need to be onrmed by means of an analyti alulation.
For larger values of the oupling, we studied the onvergene properties of
perturbative series inluding renormalization sale dependene and the FAC
(fastest apparent onvergene) sale applied tom2E (FAC-m) and to g
2
E (FAC-
g) at zero hemial potential. The latter hoie leads to quite aurate
results up to g2eff ∼ 9. We further studied the saling from pressure at small
hemial potentials to higher hemial potentials and notied an unexpeted
breakdown at about µ ≈ πT . This might indiate a generi obstrution for
extrapolating lattie data from µ≪ T to µ≫ T .
In the seond part of the thesis we examined the region of small T and
large µ more losely and found non-Fermi-liquid behavior in an anomalous
series expansion of the entropy and spei heat for small temperatures in-
volving a leading T lnT−1 term and frational powers T (2n+3)/3. We gave a
brief overview of the theoretial piture from the ideal gas to the non-Fermi
liquid. While the lassial ideal gas shows no temperature dependene in
the spei heat, the ideal Fermi gas and the Landau-Fermi liquid show a
linear dependene on temperature in the spei heat. Only the introdution
of long-range interations hanges this behavior qualitatively: The leading
T lnT−1 ontribution in the entropy or the spei heat annot be explained
by lassial Landau-Fermi liquid theory anymore and the system is therefore
alled a non-Fermi liquid. In our ase long-range interations are introdued
by transverse gauge boson interations whih are only weakly sreened at
low frequenies q0 and not sreened at all in the stati limit of q0 → 0. We
showed that the anomalous leading logarithmi ontribution leads to a range
where the entropy exeeds the ideal gas value of the entropy for small tem-
peratures. We alulated the leading log oeient in a straightforward way,
onrming a result by referene [104℄. We further ompleted the argument
of the leading logarithm and went beyond the leading order to nd anoma-
lous ontributions to order T 5/3 and T 7/3 in the entropy and the spei
heat. These ontributions indeed ome from transverse non-nb parts (i.e.
ontributions in the original expression of the pressure that do not ontain
a fator of the bosoni distribution funtion nb) and we alulated them by
spotting a low order front in the denominator of the pressure integral whih
we an fator into a sixth order and a fourth order polynomial, hiding higher
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order terms in the frequeny q0 in a orretion term. The nal result for the
entropy and the spei heat turns out to be readily appliable to full QED
and full QCD in a range where T/µ ≪ geff . For the entropy we found the
result
S = NcNf µ
2
3
T +
g2effNgµ
2T
36π2
(
ln
4geffµ
π2T
− 2 + γE − 6
π2
ζ ′(2)
)
+Ngc5/3T
5/3 +Ngc7/3T
7/3 +O(T 3 lnT ) (4.1.1)
from whih the spei heat an be derived as
CV = NcNf µ
2T
3
+
g2effNgµ
2T
36π2
(
ln
4geffµ
π2T
− 3 + γE − 6
π2
ζ ′(2)
)
+Ng
5
3
c5/3T
5/3 +Ng
7
3
c7/3T
7/3 +O(T 3 lnT ) (4.1.2)
with
c5/3 = −
8 22/3Γ(83 )ζ(
8
3)
9
√
3π11/3
(geffµ)
4/3, (4.1.3)
c7/3 =
80 21/3Γ(103 )ζ(
10
3 )
27
√
3π13/3
(geffµ)
2/3. (4.1.4)
We pointed out a possible impliation in astrophysial situations, namely
the ooling rate of proto-neutron stars, and alulated the eet of the
non-Fermi-liquid ontributions near the ritial temperature of olor-super-
ondutivity. We found that while non-perturbative non-Fermi-liquid be-
havior might play a role for g & 5, there are non-negligible perturbative
non-Fermi-liquid eets for g ∼ O(1) of the order of 10% − 20% ompared
to the leading order ontribution, and that perturbative non-Fermi-liquid
eets are of the order of g/(3
√
2) for small g.
In the appendix we alulated the Feynman rules trying to math dif-
ferent onventions in the literature, gave a derivation of the spei heat at
next-to-leading order and presented the zero-temperature limits of the boson
self-energy with one fermion insertion. Finally, we provided a Mathematia
extension that is neessary in order to orretly alulate the frational power
series. This alulation involves a series expansion that depends ruially on
assumptions about the variables involved that standard symboli manipula-
tion programs impliitly ignore.
Possible extensions to the work presented here rst of all inlude im-
provement of the non-Fermi-liquid series expansion. Within the large Nf
limit, the T 3 ontribution might be of speial interest. With the tools pre-
sented here it seems straightforward to alulate it, but one has to take into
aount that disproportionately more ontributions have to be onsidered at
this order. Apart from higher orders in T , the series expansion ould also be
pushed towards higher orders in the oupling geff .
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The analyti treatment of non-Fermi-liquid behavior presented in this
work paves the way for various possible appliations: One ould try and
repeat the alulation of neutron star ooling rates with the improved series
expansion presented here; one ould study the interplay of the eets of
the non-Fermi-liquid ontributions with olor superondutivity; nally, one
ould extend the analysis to the nonrelativisti ase (i.e. inlude fermion
masses) whih may be of interest in view of the reent experimental ndings
[17℄ in ondensed matter physis.
Anhang A
Abbreviations
2PI 2 Partile Irreduible
2SC 2-Flavor Color Superondutor
CFL Color-Flavor Loked
CSC Color Superondutivity
DR Dimensional Redution
FAC Fastest Apparent Convergene
HDL Hard Dense Loop
HTL Hard Thermal Loop
ITF Imaginary Time Formalism
Large Nf Large number of Quark Flavors
LHC Large Hadron Collider
LO Leading Order
NLO Next-to-Leading Order
PMS Priniple of Minimal Sensitivity
QCD Quantum Chromodynamis
QED Quantum Eletrodynamis
QGP Quark Gluon Plasma
RHIC Relativisti Heavy Ion Collider
RTF Real Time Formalism
SPS Super Proton Synhrotron
85
86 ANHANG A. ABBREVIATIONS
Anhang B
QCD Feynman rules
B.1 Motivation for a unifying approah
The theoretial desription of the quark-gluon plasma is based on quantum
eld theory (QFT). Its appliation to a 'Many-Body Problem' using tools
from statistial mehanis started in the late 1950s. In the mean-time the
theoretial tools improved dramatially, for example by reorganized pertur-
bation theory in the 1990's, and it is no wonder that a plethora of onventions
and notations have been invented so far. The drawbak of this kind of si-
enti independene is that it renders omparison between dierent authors
often a tedious task. In this hapter we will try to nd a formal ommon
denominator for modern literature on thermal eld theory, whilst providing
a brief introdution to Feynman rules and some basi diagrams we will be
using later on.
We will use the Imaginary Time Formalism (ITF) for the statistial de-
sription of the quantum eld. This formalism is based on the observation
that the statistial density matrix for a system ρ(β) = exp(−βH) with in-
verse temperature β = 1/T looks similar to a quantum mehanial time
evolution operator exp(iHt) if one uses formally imaginary time t → iβ.
It is therefore tempting to simply rotate QFT formulae from zero tempera-
ture, as taught in modern textbooks like Peskin and Shroeder [131℄, in the
omplex time plane to nite temperature in ITF. Unfortunately, naive om-
parisons quikly result in missing fators of −1 or i, so that it seems worth to
invest some eort in loating the soures of disrepanies. In the end we will
see that only two fators determine the sign disrepanies for Feynman rules
between various onventions, namely the sign in the generating funtional,
whih we will all s˜, and a fator in the ovariant derivative g˜.
Let us start by looking at the gluon propagator, whih basially resem-
bles the photon propagator up to group fators. It an be found in various
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denitions in the literature:
D˜µνF (k) =
−i
k2 + iǫ
(
gµν − (1− ξ)k
µkν
k2
)
, (B.1.1)
G0µν(k) = −gµν∆(k) + (λ− 1)kµkν∆2(k) (B.1.2)
= −gµν−1
k2
+ (λ− 1)kµkν+1
k4
,
DFµν =
1
Q2
(
δµν − (1− ξ)QµQν
Q2
)
. (B.1.3)
Equation (B.1.1) for T = 0 an be found in Peskin and Shroeder [131℄,
p. 297, equation (B.1.2) applies to the ITF and is the denition of Blaizot
and Ianu [132℄, p. 176, while equation (B.1.3) is the ITF denition aording
to Le Bella [133℄, p. 107. The rst two equations make use of the Minkowski
metri gµν = diag(1,−1,−1,−1) while the third equation does not. We an
unify the rst two equations, using the following generi equation:
G˜µν(k) = −χ˜
(
gµν
1
k2
− (1− ξ)k
µkν
k4
)
(B.1.4)
where we introdued a generi onstant χ˜ whose value resembles dierent
denitions. Here we an identify χ˜ = i for the T = 0 ase in equation (B.1.1)
and χ˜ = −1 for the ITF in equation (B.1.2). We annot easily identify
equation (B.1.3) with this method, though, beause it uses Eulidean metri.
We will see later how we an onvert results obtained in this work from
Minkowski metri to Eulidean metri.
Another example of using dierent denitions is the ovariant derivative.
In [131℄, p. 490, it is dened as Dµ = ∂µ− igAaµta, while [132℄, p. 171, denes
the ovariant derivative with a positive sign Dµ = ∂µ + igA
a
µt
a
. Again these
two denitions an be easily unied, using the generi equation:
Dµ ≡ ∂µ + g˜gAaµta (B.1.5)
with g˜ = −i in the rst ase and g˜ = +i in the seond. Itzykson and Zuber
[134℄, p. 584, use yet another onvention g˜ = −1.
Yet another striking dierene onerns the denition of the generating
funtional. While [131℄, p. 290, denes the generating funtional for T = 0
as
Z[J ] =
∫
Dφ exp
[
i
∫
d4x [L+ J(x)φ(x)]
]
(B.1.6)
we an nd the following denition for ITF in [132℄, p. 28,
Z[j] = N
∫
φ(0)=φ(β)
D(φ) exp
{
−
∫ β
0
dτ
∫
d
3x (LE(x)− j(x)φ(x))
}
(B.1.7)
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where the Eulidean Lagrangian LE basially equals the negative Minkowski
Lagrangian−L in the ommon Minkowski metri. Dening a generi position-
integral as ∫
d4x˜ ≡
{ ∫
d4x for T = 0∫ β
0 dτ
∫
d3~x for ITF
(B.1.8)
we an again ombine the two equations to form the generi equation
Z[j] ≡ N
∫
Dφ exp
[
s˜
∫
d4x˜
(
L+ j˜j(x)φ(x)
)]
(B.1.9)
with s˜ = i, j˜ = 1 for T = 0, and s˜ = 1, j˜ = 1 for ITF.
What we shall nd in the following is that the Feynman rules an be de-
rived basially from these three generi denitions presented here, namely the
denition of the propagator (B.1.4), the denition of the ovariant derivative
(B.1.5) and the denition of the generating funtional (B.1.9). From these
denitions we an derive the QCD Feynman rules. In the end the Feynman
rules will in a simple way depend on the onstants χ˜, g˜, and s˜.
B.2 Derivation of Feynman rules
In the following we will present the key equations that dene onstants like χ˜,
g˜, or s˜. The aim is to unify the Feynman rules for T = 0 and the Imaginary
Time Formalism (ITF). We use natural units ~ = c = 1.
Metri
Equations in both formalisms an be formulated using the Minkowski metri
gµν = g
µν = diag(1,−1,−1,−1). (B.2.1)
In the ase of the imaginary-time formalism we adopt the denition of
Blaizot and Ianu [132℄ and write xµ = (x0,x) = (t0 − iτ,x) with 0 ≤
τ ≤ β, with the inverse temperature β = T−1, and kµ = (k0,k) = (iωn,k)
with ωn = 2nπT for bosoni elds or ωn = (2n + 1)πT for fermioni elds.
This denition has the advantage that the salar produt of position and
momentum vetor still has the form of the Minkowski metri:
kµx
µ = k0x0 − kx = ωnτ − kx. (B.2.2)
We dene the generi position integral to be∫
d4x˜ ≡
{ ∫
d4x for T = 0∫ β
0 dτ
∫
d3~x for ITF.
(B.2.3)
Analogous generi denitions an be given for the position integral and
the Dira δ-funtion.
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Lagrangian
In all textbooks we ompared, the Lagrangian takes the following form:
L = −1
4
F aµνF
µνa + ψi (i 6D −m)ij ψj . (B.2.4)
The ovariant derivative 6D = γµDµ is dened as
Dµ ≡ ∂µ + g˜gAaµta (B.2.5)
with g˜ = i, −1, or −i. We use the ommutation relation of the generators
ta of the Lie algebra of the gauge group in the fundamental representation
[ta, tb] = ifabctc (B.2.6)
where fabc are the struture onstants of the group. The ommutator of the
ovariant derivative
[Dµ,Dν ] = g˜g
(
∂µA
a
ν − ∂νAaµ + ig˜gfabcAbµAcν
)
ta ≡ g˜gF aµν ta (B.2.7)
denes the eld strength tensor F aµν . The adjoint representation is given by
(tbG)ac = if
abc
. In this representation the ovariant derivative is given by
(Dµ)ac = ∂µδac + ig˜gA
b
µf
abc. (B.2.8)
The generating funtional for gluons an be written as
Z[j] ≡ N
∫
[DAµ] exp
[
s˜
∫
d
4x˜
(
L+ j˜jνa(x)Aaν(x)
)]
(B.2.9)
with s˜ = i for T = 0 and s˜ = +1 for imaginary time formalism. We usually
nd j˜ = 1 in both ases. For the quarks whih are fermions we have to
onsider two antiommuting elds and the generating funtional takes the
form
Z[η¯, η] ≡ N
∫
Dψ¯Dψ exp
[
s˜
∫
d
4x˜
(L+ η˜η¯i(x)ψi(x) + η˜ψ¯i(x)ηi(x))]
(B.2.10)
with η˜ = 1. For ghost elds there is a similar generating funtional.
Propagators
Starting from the generating funtional (B.2.9) we an write the two-point
orrelation funtion as
< 0|TAaµ(x1)Abν(x2)|0 > ≡
N
Z[0]
∫
[DAα]Aaµ(x1)Abν(x2) exp
[
s˜
∫
d
4x˜L
]
=
1
Z[0]
δ2Z[j]
(s˜j˜δjµa(x1))(s˜j˜δjνb(x2))
∣∣∣∣∣
j=0
(B.2.11)
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We an rewrite the generating funtional by a shift of the gauge eld
Aaµ(x) = A
′a
µ(x) + (−j˜/χ˜)
∫
d
4y˜Gabµν(x− y)jνb(y) where the Green's funtion
Gabµν(x− y) satises the generi equation(
∂2gµν −
(
1− 1
ξ
)
∂µ∂ν
)
Gνρab(x− y) ≡ χ˜δρµδabδ(4)(x− y) (B.2.12)
with χ˜ = i for T = 0 and χ˜ = −1 for ITF. Here we already added the
Faddeev-Popov term −(∂µAaµ)2/2ξ to the Lagrangian. The shift of Aaµ(x)
does not aet the result of the integral and we an rewrite
1
the generating
funtional (B.2.9) as
Z[j] = Z[0] exp
[
− s˜j˜
2
2χ˜
∫
d
4x˜
∫
d
4y˜jµaGabµν(x− y)jνb(y)
]
. (B.2.13)
Using this result, we an alulate the two-point orrelation funtion (B.2.11)
as
〈0|TAaµ(x1)Abν(x2) |0〉 =
−1
s˜χ˜
Gabµν(x1 − x2). (B.2.14)
As expeted, this expression is independent of the onstant j˜. We an alu-
late the Green's funtion for the momentum spae by Fourier transforming
equation (B.2.12):
G˜abµν(k) = −χ˜
(
gµν
1
k2
+ (ξ − 1)kµkν
k4
)
δab. (B.2.15)
This is the form that we already introdued in equation (B.1.4). We an
now write the Fourier transform of the two-point orrelation funtion
〈0|TAaµ(x1)Abν(x2) |0〉 =
∫
d
4k˜
(2π)4︸ ︷︷ ︸ e−ik(x1−x2)︸ ︷︷ ︸
−1
s˜χ˜
G˜abµν(k)︸ ︷︷ ︸ .
momentum
integral
external elds propagator
(B.2.16)
Written in this way, the onnetion to the Feynman rules is lear and we
an readily read o the propagator that will be used in alulating Feynman
diagrams:
a, µ b, ν
k
=
−1
s˜χ˜
G˜abµν(k) (B.2.17)
=
1
s˜
(
gµν
1
k2
+ (ξ − 1)kµkν
k4
)
δab.
1
In the literature this proedure is often referred to as ompleting the square.
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It is interesting to see that the last line is atually independent of χ˜ and
thus independent of our hoie of dening the propagator Gabµν(x). It merely
depends on the denition of the generating funtional (B.2.9).
For fermions we an derive the propagator in a similar way starting from
the generating funtional equation (B.2.10). Again, we an shift the fermion
eld by introduing the fermioni Green's funtion SijF (x− y) whih satises
(i6∂ −m)SijF (x− y) ≡ σ˜δ(4)(x− y)δij1l4×4 (B.2.18)
with 1l4×4 being the unit matrix in the spae of the antiommuting γ-matries
and σ˜ a generi onstant. Similarly as above, we an write the two-point
orrelation funtion of two fermioni elds as
〈0|Tψi(x1)ψ¯j(x2) |0〉 = −1
s˜σ˜
SijF (x− y) (B.2.19)
and we nd for the propagator used in the Feynman rules
i j
p
=
−1
s˜σ˜
S˜ijF (p) (B.2.20)
=
−1
s˜
1
6p−mδ
ij =
−1
s˜
6p+m
p2 −m2 + iεδ
ij .
Finally we have similar results for the ghost eld. The ghost Green's
funtion satises (
−∂2δab
)
Gbcgh(x− y) ≡ c˜δacδ(4)(x− y) (B.2.21)
with the generi onstant c˜. This Green's funtion gives the two-point or-
relation funtion
〈0|Tca(x1)c¯b(x2) |0〉 = −1
s˜c˜
Gabgh(x1 − x2) (B.2.22)
and the ghost propagator for the Feynman rules
a b
k
=
−1
s˜c˜
G˜abgh(k) =
−1
s˜
δab
k2
. (B.2.23)
Verties
We use the eld strength tensor from equation (B.2.7)
F aµν = ∂µA
a
ν − ∂νAaµ + ig˜gfabcAbµAcν (B.2.24)
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to alulate the expression we need for the Lagrangian (B.2.4)
Lgluon = −1
4
F aµνF
µνa = −1
2
(∂µA
a
ν∂
µAνa − ∂µAaν∂νAµa)} (B.2.25)
−i∂µAaν g˜gfabcAµbAνc
+
1
4
g˜2g2fabcfadeAbµA
c
νA
µdAνe.
The rst line in equation (B.2.25) gave the gluon propagator (B.2.12).
The following two lines an be treated as small perturbations with the order
parameter g and ontribute to the Feynman rules as 3-boson vertex (seond
line) and 4-boson vertex (third line). We an alulate the 3-boson vertex
for example by alulating the 3-point funtion
〈Ω|TAaµ(x)Abν(y)Acρ(z) |Ω〉 = 〈0|AAA exp(s˜
∫
d
4x˜(∂Ag˜gfAA) |0〉 (B.2.26)
= 〈0|AAA |0〉+ s˜g˜gf 〈0|AAA
∫
(∂A)AA |0〉+ ...
and applying the Wik theorem. After some areful alulation we get for
the 3-boson vertex
c, ρ b, ν
a, µ
k
p
q
= (s˜g˜)gfabc (gµν(k − p)ρ (B.2.27)
+gνρ(p− q)µ
+gρµ(q − k)ν)
where we use the short notation (k − p)ρ ≡ kρ − pρ. For the 4-boson vertex
we an start similarly from a 4-point orrelation funtion and obtain
d, σ c, ρ
b, νa, µ
k
p
q
r
= (s˜g˜2)g2
(
fabef cde(gµρgνσ−gµσgνρ) (B.2.28)
+facef bde(gµνgρσ−gµσgνρ)
+fadef bce(gµνgρσ−gµρgνσ)
)
.
The part of the Lagrangian (B.2.4) that desribes the fermions is given
by
Lquark = ψi (i 6D −m)ij ψj = ψi (i6∂ −m) δijψj + ig˜gψiγµAaµtaijψj (B.2.29)
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where we used the ovariant derivative i 6D = iγµ∂µ + ig˜gγµAaµta from equa-
tion (B.2.5) . The rst part of equation (B.2.29) gave the fermion propagator
(B.2.20) while the seond part gives the quark-gluon vertex
i j
a, µ
k
p
q
= (is˜g˜)gγµtaij. (B.2.30)
Similarly we an write down the Lagrangian part for the ghost elds
Lghost = c¯a
(−∂µDacµ ) cc = c¯a (−∂µ∂µδac) cc + c¯a (−ig˜gfabc∂µAbµ) cc
(B.2.31)
where we used the adjoint representation of the ovariant derivative (B.2.8).
Note that the derivative in the seond part ats on both the gauge eld
Abµ and the ghost eld c
c
. The rst part determined the ghost propagator
(B.2.23) while the seond part gives the following Feynman rule:
a c
b, µ
k
p
q
= (−s˜g˜)gqµfabc. (B.2.32)
In this Feynman rule qµ denotes the momentum of the outgoing ghost.
Eulidean metri
We an now transform our results into Eulidean metri. In deriving the
Feynman rules we did not make use of the metri gµν other than ontrating
momentum vetors like kµkµ or momentum and position vetors as in the
Fourier transform kµxµ. The latter is taken are of by our generi denitions
of the integrals (B.2.3) and delta funtions. The former just needs undo-
ing the ontrations. Sine we started with lower indies at the beginning
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(B.2.26), resulting in propagators with lower indies and verties with upper
indies, we now have to pull down all indies. That is
kµ → gµµ′kµ′ , (B.2.33)
k2 = kµkµ → gµµ′kµ′kµ
suh that in our formula there are only vetors kµ, pµ, qµ, ... with lower
indies.
We ould have done the omplete alulation by using the Eulidean
metri this way, so we an simply replae
gµν = g
µν → −δµν (B.2.34)
and write k2 = gµνkµkν → −δµνKµKν = −K2, where we use apital letters
to denote vetors K2 = KµKµ = K
2
4 + K
2
1 + K
2
2 + K
2
3 in the Eulidean
metri.
For example the gluon propagator (B.2.15) beomes
G˜abµν(k) = −χ˜
(
gµν
1
gαβkαkβ
+ (ξ − 1) kµkν
gαβgγδkαkβkγkδ
)
δab (B.2.35)
→ −χ˜
(
−δµν 1−K2 + (ξ − 1)
KµKν
+K4
)
δab.
For verties we have to pull down all indies, so for example the 3-boson
vertex (B.2.27) hanges to
(s˜g˜)gfabc
(
gµνgρρ
′
(k − p)ρ′ + gνρgµµ′(p− q)µ′ + gρµgνν′(q − k)ν′
)
→ (s˜g˜)gfabc (+δµν(K − P )ρ + δνρ(P −Q)ρ + δρµ(Q−K)ν) . (B.2.36)
In the ase of slashed quantities 6p we apply the same transformation and
write
6p = γµpµ = gµµ′γµpµ′ → −δµµ′γµPµ′ = −6P. (B.2.37)
The fermion Green's funtion (B.2.20) then beomes
S˜F
ij
(p) = σ˜
1
6p−mδ
ab → −σ˜ 16P +mδ
ab. (B.2.38)
B.3 Comparison with literature
Values for onstants
We want to ompare our generi results to various results of Feynman
rules in the literature. The results are summarized in table B.1. The rst
onstant s˜ desribes the sign in the Lagrangian of the generating funtional
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Referene M/E T s˜ g˜ χ˜ σ˜ c˜
Peskin & Shroeder [131℄ M T0 i −i i i
Itzykson & Zuber [134℄ M T0 i −1 i
Le Bella, QSFT [135℄ M T0 i +i i i
Huang [136℄ M T0 i +i i
Le Bella, TFT-M [133℄ M RTF i +i i i
Blaizot & Ianu [132℄ M ITF +1 +i −1 −1 −1
Kapusta [137℄ M ITF +1 +i −1 +1 +1
Le Bella, TFT-E [133℄ E ITF +1 +i −1 −1
Tabelle B.1: Comparison of denitions given in literature. M/E means
the metri (Minkowski or Eulidean), T stands for temperature T = 0 (T0),
Imaginary Time Formalism (ITF) or Real Time Formalism (RTF). Le Bella
[133℄ gives two sets of Feynman rules whih are ompared independently.
Only s˜ and g˜ are relevant for the sign hanges in the Feynman rules.
Z = exp(s˜
∫ L) and an be obtained by omparing equations in the literature
to equation (B.1.9). Another way is to ompare the propagators of the
Feynman rules as in equations (B.2.17), (B.2.20), and (B.2.23). These are
independent of the sign of the Green's funtion (χ˜, σ˜, c˜) and are usually
given in a table of Feynman rules. A rst onsisteny hek an be applied
here to see whether the denitions of the three kinds of propagators (gluon,
quark, and ghost) are onsistent with eah other.
The next onstant g˜ appears in the denition of the ovariant derivative
Dµ ≡ ∂µ + g˜gAaµta (B.2.5). The next three onstants χ˜, σ˜, c˜ for the gluon,
quark, and ghost Green's funtions respetively are not used in all books.
They are not essential for the Feynman rules, though, as they do not enter
the equations of the Feynman verties and Feynman propagators.
Verties
Table B.2 shows the prefators of the Feynman rule verties of the 3-gluon
(B.2.27), 4-gluon (B.2.28), quark-gluon (B.2.30), and ghost-gluon (B.2.32)
interations. Before results from literature an be ompared to our generi
results, some obvious transformations have to be made: These inlude rela-
belling indies, using the antisymmetry property of the struture onstants
fabc, or ipping signs beause of dierent orientation of momentum vetors.
Our results agree with most of the authors. At T = 0 in the Minkowski
metri our results perfetly agree with Peskin and Shroeder [131℄, Itzykson
& Zuber [134℄ and Le Bella [135℄. In the imaginary time formalism in
Eulidean metri our results agree with Le Bella [133℄. We alulated the
prefators for Eulidean metri in table B.2 by applying the
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Referene 3-Gluon 4-Gluon Quark Ghost
Generi - Minkowski s˜g˜ s˜g˜2 is˜g˜ −s˜g˜
Peskin & Shroeder [131℄ 1 −i i (‡) −1 (*)
Itzykson & Zuber [134℄ −i i 1 +i
Le Bella, QSFT [135℄ −1 −i −i 1
Huang [136℄ −1 6= −i ◭ −i 6= i ◭ −i (‡) 1 6=? ◭
Le Bella, TFT-M [133℄ −1 −i −i 1
Blaizot & Ianu [132℄ i (†) −1 (†) −1 (†) −i (†)
Kapusta [137℄ i 6= −i ◭ −1 −1 6= +1 ◭ −i
Generi - Eulidean s˜g˜ s˜g˜2 −is˜g˜ +s˜g˜
Le Bella, TFT-E [133℄ i −1 1 +i
Tabelle B.2: Prefators of Feynman rule verties. The vertex equations
are given in (B.2.27), (B.2.28), (B.2.30), and (B.2.32) for the 3-gluon, 4-
gluon, quark-gluon, and ghost-gluon verties respetively. If results dier
from literature (marked by ◭) then the l.h.s. of 6= denotes the generi value
and the r.h.s. denotes the value from literature. The ghost vertex of Peskin
and Shroeder (*) is wrong in the book (+1), but orreted in the online list
of errata [138℄. Blaizot and Ianu (†) do not give the Feynman rules expliitly,
so the values in the table are the generi ones. Peskin and Shroeder and
Huang (‡) do not give the quark indies in the graphs, resulting in a possible
±1 fator from the antisymmetri struture onstants.
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rules from Minkowski to Eulidean metri of setion B.2.
The results of Itzykson & Zuber [134℄ use struture onstants Cabc = if
abc
and momentum vetors pointing outwards instead of inwards. Taking are
of these obvious hanges, their results are in aordane with our generi
Feynman rules.
Our results do not agree entirely with Kapusta [137℄ in imaginary time
formalism with Minkowski metri. There are relative sign errors −1 in the 3-
gluon vertex and in the quark-gluon vertex. His group generators are labelled
Gaij = t
a
ij .
In the ase of Huang [136℄ Feynman rules disagree in a weird way for the
3-gluon vertex, the 4-gluon vertex and the ghost vertex. In the ase of the
ghost vertex, the momentum of the boson enters the Feynman rule instead
of the momentum of the anti-ghost as in the rest of the literature ited.
Peskin and Shroeder [131℄ do not provide quark indies i, j in their Feyn-
man graphs. A swapping of the quark indies results in a relative minus sign
−1 stemming from the antisymmetri nature of the representation matries
(ta)ij = if
iaj = −(ta)ji. It is assumed that inoming quarks orrespond to
the seond matrix index and outgoing quarks orrespond to the rst matrix
index, mathing the indies in the fermion interation Lagrangian (B.2.29).
Conlusion
Only two generi onstants determine the prefators of all Feynman rules: s˜
and g˜. The fator s˜ is determined by the generating funtional (B.1.9). It
is i in the ase of T = 0 or the Real Time Formalism (RTF). In the ase
of Imaginary Time Formalism (ITF) it takes the value +1, orresponding to
the hange of sign in the time-omponent from x0 → −iτ and dx0 → −idτ0
in the exponent of the generating funtional.
The seond essential generi onstant is g˜. Its hoie is less motivated
physially, but merely a matter of taste.
Together, these two onstants (s˜ = i or +1, g˜ = −i, −1, or +i) explain
the prefators of propagators and verties used in Feynman rules.
B.4 Summary of rules
The onstants s˜ and g˜ an be determined by omparison with the following
formulae. In standard literature g˜ assumes the values −i [131℄, −1 [134℄, or
+i [139, 133, 135℄. The onstant s˜ takes the value i for zero temperature
eld theory or real time formalism and +1 for imaginary time formalism.
An overview of these onstants an be found in the tables B.1 and B.2 of
setion B.3.
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Lagrangian
L = −1
4
F aµνF
µνa + ψi (i 6D −m)ij ψj −
1
2ξ
(∂µAaµ)
2 + c¯a
(−∂µDacµ ) cc
= −1
2
(∂µA
a
ν∂
µAνa − ∂µAaν∂νAµa)−
1
2ξ
(∂µAaµ)
2
−i∂µAaν g˜gfabcAµbAνc +
1
4
g˜2g2fabcfadeAbµA
c
νA
µdAνe
+ψi (i6∂ −m) δijψj + ig˜gψiγµAaµtaijψj
+c¯a (−∂µ∂µδac) cc − ig˜gfabcc¯a∂µ(Abµcc) (B.4.1)
Generi integral and Generating funtional∫
d4x˜ ≡
{ ∫
d4x for T = 0∫ β
0 dτ
∫
d3~x for ITF
←→ Z ≡
∫
D.. exp
(
s˜
∫
d
4x˜L
)
(B.4.2)
Covariant derivative and Field strength tensor
Dµ ≡ ∂µ + g˜gAaµta ←→ F aµν = ∂µAaν − ∂νAaµ + ig˜gfabcAbµAcν (B.4.3)
Feynman propagators
In the following, the arrow means onversion from Minkowski spae result
to Eulidean spae result (Minkowski → Eulidean).
a, µ b, ν
k
=
−1
s˜χ˜
G˜abµν(k) (B.4.4)
=
1
s˜
(
gµν
1
k2
+ (ξ − 1)kµkν
k4
)
δab
→ 1
s˜
(
gµν
1
K2
+ (ξ − 1)KµKν
K4
)
δab
i j
p
=
−1
s˜σ˜
S˜ijF (p) (B.4.5)
=
−1
s˜
1
6p−mδ
ij =
−1
s˜
6p+m
p2 −m2 + iεδ
ij
→ 1
s˜
1
6P +mδ
ij =
1
s˜
6P −m
P 2 +m2
δij
a b
k
=
−1
s˜c˜
G˜abgh(k) =
−1
s˜
δab
k2
→ 1
s˜
δab
K2
(B.4.6)
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Verties
(Minkowski → Eulidean)
c, ρ b, ν
a, µ
k
p
q
= (s˜g˜)gfabc (gµν(k − p)ρ (B.4.7)
+gνρ(p− q)µ
+gρµ(q − k)ν)
→ (s˜g˜)gfabc (δµν(K − P )ρ
+δνρ(P −Q)µ
+δρµ(Q−K)ν)
d, σ c, ρ
b, νa, µ
k
p
q
r
= (s˜g˜2)g2
(
fabef cde(gµρgνσ−gµσgνρ) (B.4.8)
+facef bde(gµνgρσ−gµσgνρ)
+fadef bce(gµνgρσ−gµρgνσ)
)
→ (s˜g˜2)g2
(
fabef cde(δµρδνσ−δµσδνρ)
+facef bde(δµνδρσ−δµσδνρ)
+fadef bce(δµνδρσ−δµρδνσ)
)
i j
a, µ
k
p
q
= (is˜g˜)gγµtaij (B.4.9)
→ (−is˜g˜)gγµtaij
a c
b, µ
k
p
q
= (−s˜g˜)gqµfabc (B.4.10)
→ (s˜g˜)gQµfabc
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Green's funtions(
∂2gµν −
(
1− 1
ξ
)
∂µ∂ν
)
Gνρab(x− y) ≡ χ˜δρµδabδ(4)(x− y) (B.4.11)
G˜abµν(k)=−χ˜
(
gµν
1
k2
+ (ξ−1)kµkν
k4
)
δab→ −χ˜
(
gµν
1
K2
+(ξ−1)KµKν
K4
)
δab
(B.4.12)
(i6∂ −m)SijF (x− y) ≡ σ˜δ(4)(x− y)δij1l4×4 (B.4.13)
S˜ijF (p) = σ˜
1
6p−mδ
ij = σ˜
6p+m
p2 −m2 + iεδ
ij → −σ˜ 16P +mδ
ij
(B.4.14)
(
−∂2δab
)
Gbcgh(x− y) ≡ c˜δacδ(4)(x− y) (B.4.15)
G˜abgh(k) = c˜
δab
k2
→ 1
s˜
− c˜ δ
ab
K2
(B.4.16)
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Anhang C
Thermodynami relations
C.1 Spei heat at NLO
The spei heat an be alulated from the entropy by a transformation of
thermodynami quantities whih an be found in [116℄
CV ≡ CV /V = T

(
∂S
∂T
)
µ
−
(
∂N
∂T
)2
µ(
∂N
∂µ
)
T
 (C.1.1)
where S is the entropy density
S ≡ S/V =
(
∂P
∂T
)
µ,V
and N is the partile number density
N ≡ N/V =
(
∂P
∂µ
)
T,V
. (C.1.2)
In order to alulate the next-to-leading order (NLO) spei heat in large-
Nf we have to expand this equation around the leading order ontribution
(2.5.1). The denominator takes the form(
∂N
∂µ
)
T
=
(
∂2P0
∂µ2
)
T
= NNf
(
T 2
3
+
µ2
π2
)
(C.1.3)
and the spei heat an then be written as
CV = CLOV + CNLOV
with the leading order (LO) ontribution
CLOV = NNf
7π2T 3
15
+
µ2T
3
− 4µ
2T 3
9
(
T 2
3 +
µ2
π2
)

(C.1.4)
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and the next-to-leading order (NLO) ontribution
CNLOV = T

(
∂S
∂T
)
µ
−
4µT3
(
∂2P
∂µ∂T
)
T 2
3 +
µ2
π2
+
(
2µT
3
)2 (
∂2P
∂µ2
)
T(
T 2
3 +
µ2
π2
)2
+O(P
2
NLO
P 20
)
(C.1.5)
with NLO-ontributions of S and P . The ideal-gas limit of the spei heat
ontains, apart from the LO-ontribution, a term proportional to N0f and is
given by
C0V = NNf
7π2T 3
15
+
µ2T
3
− 4µ
2T 3
9
(
T 2
3 +
µ2
π2
)
+Ng 4π2T 3
15
. (C.1.6)
C.2 Derivative relations
For the alulation of quark suseptibilities from the pressure in setion 2.5.3,
we evaluated the derivative with respet to a squared quantity. The deriva-
tion with respet to a squared quantity an be obtained as follows, using
µ2 = t
∂f(µ)
∂µ2
=
∂f(
√
t)
∂t
= f ′(
√
t)
1
2
√
t
= f ′(µ)
1
2µ
. (C.2.1)
The hain rule then works as follows
∂g(f(µ))
∂µ2
=
∂g(f(
√
t))
∂t
= g′(f(
√
t))
∂f(
√
t)
∂t
= g′(f(µ))
∂f(µ)
∂µ2
. (C.2.2)
Similarly for the seond derivative we obtain
∂2
(∂µ2)2
g(f(µ)) = g′′(f(µ))
(
∂f(µ)
∂µ2
)2
+ g′(f(µ))
∂2f(µ)
(∂µ2)2
. (C.2.3)
In the ase of a quadrati lowest order term of the series expansion of f(µ)
we an further write
∂2
∂µ2
f(µ)
∣∣∣∣
µ=0
= 2
∂
∂µ2
f(µ)
∣∣∣∣
µ=0
. (C.2.4)
This is however only valid if f(µ) = O(µ2). If f(µ) ontains a linear term, the
l.h.s. vanishes, while the r.h.s. diverges. Similarly, for the fourth derivative
we see that ∂4µ4/∂µ4 = 24 but ∂2(µ2)2/(∂µ2)2 = ∂2t2/∂t2 = 2 so that we
an write the following relationship if f(µ) only ontains positive even orders
in µ up to O(µ4), i.e. f(µ) = cµ2 +O(µ4):
∂4
∂µ4
f(µ)
∣∣∣∣
µ=0
= 12
∂2
(∂µ2)2
f(µ)
∣∣∣∣
µ=0
. (C.2.5)
Anhang D
Gauge boson self-energy
D.1 Exat result at T = 0
In this setion we will extend the alulation of the leading order gauge boson
self-energy from setion 2.3 to the limit of nite hemial potential µ and
zero temperature T = 0. In this region, the fermioni distribution funtion
from equation (2.2.14) is given by the step-funtion
nf(k, T = 0, µ) =
1
2
(θ(µ− k) + θ(−µ− k)) (D.1.1)
and we an expliitly alulate the real and imaginary parts of the bosoni
self energy for Minkowski spae.
Imaginary part
In the equations (2.3.25) we an alulate the funtions Fi using the T → 0
limit of the fermioni distribution funtion (D.1.1) whih give
F1(x) ≡
∫ ∞
x
nf (k)dk =
µ− x
2
θ(µ− x), (D.1.2)
F2(x) ≡
∫ ∞
x
k nf (k)dk =
µ2 − x2
4
θ(µ− x), (D.1.3)
F3(x) ≡
∫ ∞
x
k2 nf (k)dk =
µ3 − x3
6
θ(µ− x). (D.1.4)
The resulting funtions an be further simplied. Using the following de-
nitions
U(q0, q) = (2µ − |q0 + q|)θ(2µ− |q0 + q|),
V (q0, q) = (2µ − q − q0)(2µ + 2q − q0),
W (q0, q) = θ(q0 + q)V (q0, q) + θ(−q0 − q)V (−q0,−q), (D.1.5)
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we get
ImG(q0, q) =
1
16πq
(q2 − q20) {U(|q0|, q)− U(−|q0|, q)} , (D.1.6)
ImH(q0, q) = − 1
96πq
{W (|q0|, q)U(|q0|, q)−W (−|q0|, q)U(−|q0|, q)} .(D.1.7)
From these we get the self-energies
ImΠL(q0, q) =
−g2eff(q2 − q20)
48πq3
{W (|q0|, q)U(|q0|, q)
−W (−|q0|, q)U(−|q0|, q)} , (D.1.8)
ImΠT (q0, q) =
g2eff(q
2 − q20)
96πq3
{[
W (|q0|, q) + 6q2
]
U(|q0|, q) (D.1.9)
− [W (−|q0|, q) + 6q2]U(−|q0|, q)} .
Real part
Also for the real part we an give the exat solution in the limit T → 0.
Starting from (2.3.21) and (2.3.22) the momentum integration an be ana-
lytially done sine the distribution funtion redues again to a step funtion
for zero temperature. Rearranging the result, we an write
R(q0, q) = (q0 + q) ln |q0 + q| − (2µ + q0 + q) ln |2µ + q0 + q|, (D.1.10)
S(q0, q) =
(−12µ2q0 + (2q − q0)(q + q0)2) ln |q0 + q| (D.1.11)
+(2µ− 2q + q0) (2µ + q + q0)2 ln |2µ+ q + q0|.
We use the following abbreviation to keep a lot of terms in dense notation
R±±(q0, q) ≡ R(q0, q)−R(q0,−q) +R(−q0, q)−R(−q0,−q) (D.1.12)
and similarly for S±± (just replae R by S). Then the real part of G and H
an be written as
ReG(q0, q) =
1
2π2
(
µ2 +
q2 − q20
8q
R±±(q0, q)
)
, (D.1.13)
ReH(q0, q) =
1
96π2
(
32µ2 +
1
q
S±±(q0, q)
)
. (D.1.14)
Therefore the exat solution for the real part of the self-energies in Minkowski
spae is given by
ReΠL(q0, q) =
g2eff(q
2 − q20)
48π2q2
(
32µ2 +
1
q
S±±(q0, q)
)
, (D.1.15)
ReΠT (q0, q) =
g2eff
96π2q3
{
16µ2q(q2 + 2q20) (D.1.16)
+(q2 − q20)
(
6q2R±±(q0, q)− S±±(q0, q)
)}
.
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D.2 Approximations to seond order in frequeny
We an alulate the following T → 0 limits in Minkowski spae by using
our exat formulae for the imaginary part of the self-energies (D.1.8) and
(D.1.9). In the following we will use these equations in a regime where
0 ≤ q0 ≪ q, µ. This is a reasonable assumption, as the bosoni distribution
funtion nb will probe smaller and smaller q0 if we let T → 0. In this limit we
an simplify our funtions (D.1.5) to U(q0, q)→ (2µ − q0 − q)θ(2µ− q) and
W (q0, q)→ V (q0, q). (Atually in U(q0, q) we ould have used θ(2µ− q0− q)
whih would make the following expressions slightly more ompliated, but
it naturally redues to θ(2µ − q) as soon as we expand q0 around 0.) The
funtions G and H from (D.1.6) and (D.1.7) then beome
ImG(q0, q) =
q0(q
2
0 − q2)
8πq
θ(2µ− q), (D.2.1)
ImH(q0, q) =
q0(12µ
2 + q20 − 3q2)
48πq
θ(2µ− q), (D.2.2)
where the θ-funtions ome from the step-funtion shape of the fermioni
distribution funtion at zero temperature. These are exat solutions in the
limit of T → 0 and q0 → 0. Furthermore, for the real parts of G and H we
an provide the following expansions in small q0:
ReG(q0, q) =
1
8π2
{
4µ2 + q [(2µ − q) ln |2µ − q|+ 2q ln q
−(2µ+ q) ln |2µ+ q|]}+O(q20), (D.2.3)
ReH(q0, q) =
1
24π2q
{
8µ2q − (2µ − q)2(µ + q) ln |2µ− q|+ 2q3 ln q
+(µ− q)(2µ + q)2 ln |2µ + q|}+O(q20), (D.2.4)
with the hemial potential µ.
We an ombine the funtions G and H to form the self-energies ΠL and
ΠT aording to (D.1.8) and (D.1.9). Again, for the imaginary part we get
nie analyti expressions in the limit of small T and q0:
ImΠL(q0, q) = −g2eff
q0(−q20 + q2)(−12µ2 + 3q2 − q20)
24πq3
θ(2µ− q), (D.2.5)
ImΠT (q0, q) = −g2eff
q0(−q20 + q2)(12µ2 + 3q2 + q20)
48πq3
θ(2µ− q). (D.2.6)
Sine this is valid for small q0, it makes sense to expand these expressions
for small q0. The rst oeient in the q0-expansion reads
ImΠL(q0, q) = −g2eff
(−4µ2 + q2)
8πq
q0θ(2µ− q) +O(q20), (D.2.7)
108 ANHANG D. GAUGE BOSON SELF-ENERGY
ImΠT (q0, q) = −g2eff
(4µ2 + q2)
16πq
q0θ(2µ− q) +O(q20), (D.2.8)
and for the real parts
ReΠL(q0, q) =
g2eff
12π2q
{
8µ2q − (2µ − q)2(µ+ q) ln |2µ − q|+ 2q3 ln q (D.2.9)
+(µ− q)(2µ + q)2 ln |2µ+ q|}+O(q20),
ReΠT (q0, q) =
g2eff
24π2q
{
4µ2q + (2µ−q)(2µ2+ µq + 2q2) ln |2µ− q| (D.2.10)
+4q3 ln q − (2µ+ q)(2µ2 − µq + 2q2) ln |2µ+ q|}+O(q20).
For the temperature-independent vauum ontribution the imaginary part
vanishes for small q0, ImΠvac(q0, q) = O(q
2
0) while the real part takes the
value
ReΠvac(q0, q) = −g2eff
q2
12π2
(
ln
q2
µ¯2
− 5
3
)
+O(q20) (D.2.11)
with the renormalization sale µ¯.
Anhang E
Frational power expansion
E.1 Introdution to Puiseux series
The rst time frational powers appear in (3.3.8). In this setion we want to
analyze where frational powers ome from and whih terms determine their
oeients.
Series involving frational powers are also known as Puiseux series [140℄.
They appear beause one expands around a singular point that does not
have a Taylor or Laurent series with integer powers at this point. A simple
expansion where the singular point is inherent is
exp(
√
x) ≈ 1 +√x+ x
2
+
x3/2
6
+O(x2) (E.1.1)
whih an be easily derived by variable substitution x = y2. Another kind
of example is
f(x) =
(
x+ x2
)1/3 ≈ x1/3 + x4/3
3
− x
7/3
9
+O(x10/3). (E.1.2)
In this ase the famous Taylor series formula
f(x) ≈ f(0) + f ′(0)x+ f ′′(0)x
2
2
+ ... (E.1.3)
would give 0 +∞x−∞x2/2 + ... and learly fails to work. One has to pull
out the singular part of the funtion and perform the Taylor series on the
rest:(
x+ x2
)1/3
= x1/3 (1 + x)1/3 = x1/3
(
1 +
x
3
− x
2
9
+O(x3)
)
(E.1.4)
whih gives the result above. In this way, one an obtain frational power
series also from more ompliated funtion ompositions.
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The simplest example of frational powers of the kind we enountered
appear in the following expression (for positive A, M , B, and C)∫ qmax
q0
Aq5q0
Mq6 +Bq20 + Cq
2q20
dq =
Aq0
6M
ln
Mq6max
Bq20
− ACπ
9
√
3B2/3M4/3
q
5/3
0 +
AC2π
27
√
3B4/3M5/3
q
7/3
0
−A
(
6B3 + 9B2Cq2max − C3q6max
)
36B2M2
q30
+
5AC4πq
11/3
0
36
√
3B8/3M7/3
− 7AC
5πq
13/3
0
37
√
3B10/3M8/3
+O(q50) (E.1.5)
Without the q2q20 term in the denominator (that is C = 0) we would just get
the leading logarithmi ontribution and integer powers of q0 (as one an also
see from the series by setting C = 0). It is this additional term Cq2q20 that
determines additional frational power terms. The integral an be alulated
using the following formula [141℄ for square-free g(x) and deg(f) < deg(g):∫
f(x)
g(x)
dx =
∑
α
f(α)
g′(α)
ln(x− α) (E.1.6)
where α is the set of all roots of g(α) = 0. In our ase we get a sum over
roots of a ubi equation whih rst have to be expanded for small q0. We
an motivate the exponents by
x ln
(
x+ x1/3
)
=
x
3
lnx+ x5/3 − x
7/3
2
+
x3
3
− x
11/9
4
+O(x4) (E.1.7)
but we annot explain fators of π/
√
3 appearing in the oeients of (E.1.5):
They only appear together with pure frational oeients like T 5/3 and
T 7/3, but not in the T 3 oeient. We an give an idea of their appearane
by this simple sum over roots∑
α∈(x|x3+1=0)
(α2 + α) lnα = − 2π√
3
(E.1.8)
but to fully alulate the omplete oeients of the series in (E.1.5) it seems
unavoidable to plug in the roots of the denominator into (E.1.6).
In the ourse of the q0 expansion, terms from the roots of the denomi-
nator of (E.1.5) ontain expressions like −9B√M + √3
√
27B2M + 4C3q20
whih upon symboli series expansion redue to −9B√M+9
√
B2M . This
expression is zero for positive B and non-zero for negative B whih would
result in two ompletely dierent series. It turns out that from the beginning
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of the expansion, B and M have to be assumed to have a ertain sign, in
our ase to be positive quantities, in order to get the orret series. Unfortu-
nately, symboli manipulation programs do not readily allow for this hoie
(in the ourse of an expansion, B is not onsidered equal to
√
B2 whih
in our ase means the impliit assumption that B is negative.) A possible
way to aomplish the series expansion also for positive B in Mathematia
is presented in the next setion.
For the sake of ompleteness we also give the other integrals with the
same denominator as (E.1.5) but dierent odd powers of q in the numerator:∫ qmax
q0
Aqq30
Mq6 +Bq20 + Cq
2q20
dq =
Aπ
3
√
3B2/3M1/3
q
5/3
0 −
ACπ
9
√
3B4/3M2/3
q
7/3
0
−A
(
3B3 + 6B2Mq4max − C2q4max
)
12B2Mq4max
q30
− 5AC
3πq
11/3
0
35
√
3B8/3M4/3
+
7AC5πq
13/3
0
36
√
3B10/3M5/3
+O(q50) (E.1.9)∫ qmax
q0
Aq3q30
Mq6 +Bq20 + Cq
2q20
dq =
Aπ
3
√
3B1/3M2/3
q
7/3
0
−A
(
3B + C2q2max
)
6BMq2max
q30
+
AC2πq
11/3
0
33
√
3B5/3M4/3
− 4AC
3πq
13/3
0
35
√
3B7/3M5/3
+O(q50) (E.1.10)
Note that equation (E.1.9) ontains the same frational power oeients as
equation (E.1.5) up to a fator −C/(3M). This is beause the ombination∫
6Mq5 + 2Cqq20
Mq6 +Bq20 + Cq
2q20
dq = ln(Mq6 +Bq20 + Cq
2q20) (E.1.11)
is a series in integer powers of q0.
E.2 Workaround for Mathematia
Assume positive
The alulation of frational powers ruially depends on a series expansion
whih in the urrent version ofMathematia [142, 143℄ is not straightforward
to alulate. As a simple example, let us alulate the series of
s =
−A+√A2 + x
−A+√A2 + 2x. (E.2.1)
112 ANHANG E. FRACTIONAL POWER EXPANSION
Expressions of the form of the denominator or numerator naturally appear
when solving quadrati, ubi, or quarti equations. The series of s deliately
depends on whether A is positive or negative. We get the following series
expansion for |x| < A2/2:
s ≃

1
2
+
x
8A2
− x
2
8A4
+
19x3
128A6
− 25x
4
128A8
+O(x5) for A > 0,
1− x
4A2
+
5x2
16A4
− 7x
3
16A6
+
167x4
256A8
+O(x5) for A < 0.
(E.2.2)
Trying to alulate the series symbolially results in subexpressions of the
form −A+
√
A2 whih is not automatially redued to 0. Therefore Math-
ematia does not reognize that for positive A l'Hospital's rule has to be
applied to alulate the series elements as x → 0. Unfortunately, even
in the most reent version of Mathematia (whih by the time of writing
is Mathematia 5.0 [143℄) ommands like Assuming[{A>0}, ...℄ or options
like Limit[s ,x→0, Assumptions→{A>0}℄ are applied only before or after
a series alulation and not in the ourse of the alulation, and there-
fore only provides a solution whih is valid for −A +
√
A2 6= 0 whih is
satised by negative A. Trying to plug in positive A in the resulting se-
ries unfortunately gives the wrong result, as an be heked numerially or
by plotting the funtions. We get a omplete nonsense result by the sim-
ple Mathematia ommand s+O[x℄^3//PowerExpand → 1+ComplexInn-
ity x+Indeterminate x^2+O[x℄^3 sine series expansion (impliitly) assumes
A < 0 while PowerExpand assumes A > 0.
In order to get the orret result, we have to modify the standard be-
havior of the internal Power[..℄ funtion: Whenever we nd an expression
(xa)b with positive x, we immediately expand it to xab. Our rules also in-
lude (xay)b → xabyb for x > 0 and its standard-ase for a = 1. We use
Length[Cases[ListOfPositives,x℄℄ > 0 to hek whether x is part of varlist of
positive variables. The attribute HoldRest is set rst, so that expressions are
only evaluated after the power rules have been modied. After alulation,
the power rules are reset to their original state, and the new result is re-
turned. The following routine also expands the Log[..℄ funtion aordingly.
SetAttributes[AssumePositive, HoldRest℄;
AssumePositive[varlist_, expression_℄ :=
Blok[{ListOfPositives = varlist},
(*Andreas Ipp, Sept 12, 2003*)
(*First we hange Power Rules*)
Unprotet[Power, Log℄;
Power[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
> 0), n_.℄*y_, m_℄ := Power[x, n*m℄*Power[y, m℄;
Power[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
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> 0), n_℄, m_℄ := Power[x, n*m℄;
Log[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄ > 0),
n_.℄*y_℄ := n Log[x℄ + Log[y℄;
Log[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄ > 0),
n_℄℄ := n*Log[x℄; Protet[Power, Log℄;
(*There is a bug if we try to use FullSimplify[ ..℄,
so we turn the Error Message off *)
Off[Pattern::"nodef"℄;
(*Then we evaluate expression*)
{expression,
On[Pattern::"nodef"℄;
(*and finally we hange rules bak to original state*)
Unprotet[Power, Log℄;
Power[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
> 0), n_.℄*y_, m_℄ =.;
Power[ Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
> 0), n_℄, m_℄ =.;
Log[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
> 0), n_.℄*y_℄ =.;
Log[Power[x_ /; (Length[Cases[ListOfPositives, x℄℄
> 0), n_℄℄ =.;
Protet[Power, Log℄;
}[[1℄℄(*but we take the expression from before -
in this way we don't have to introdue a new variable*)
℄
Now it is straightforward to alulate the series above: Use AssumePos-
itive[{A}, s + O[x℄^5℄ for the upper series and AssumePositive[{B}, s +
O[x℄^5 /. A → -B℄ /. B → -A for the lower series in (E.2.2). AssumePos-
itive an take any list of variables, e.g. AssumePositive[{a, b},
√
ab2cd2] →√
a b
√
cd2. Possible extensions to this routine might inlude Abs[x] → x or
UnitStep[x]→ 1 for x > 0.
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